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ABSTRACT

The goal of this paper is to present a new finite-dimensional adaptive observer for some uncertain linear parabolic systems with

delayed measurements. The observer is based on the modal decomposition approach and uses a classical persistent excitation

condition. We prove that by using a finite-dimensional state predictor, we ensure exponential convergence of both states parameters

estimation error for arbitrary long constant delay.

1 | Introduction

Reaction-diffusion equations model various physical phenom-
ena, including temperature profile in the rod, concentration in
chemical reactors, and air polluted areas [1] and [2]. On the
other hand, throughout these last years, important attention
has been paid to observer design for parabolic systems with
uncertainties and/or with delayed measurements. To deal with
this problem, two approaches exist in the literature. The first one
is based on the PDE model. We can cite the recent work [3] and
references therein, where a chain of observers in PDE form has
been proposed for a class of parabolic systems to cope with a large
constant delay and the works [4-7] for uncertain parabolic sys-
tems without delay. The second approach is based on the modal
decomposition, where only a finite-dimensional part of the sys-
tem is considered in the design of the observer. For this approach,
we can cite the work [8] where an adaptive finite-dimensional
observer was proposed for a class of distributed systems with
some properties on the residual infinite-dimensional part.
Recently the authors of [9] have considered the case of the heat
equation, without uncertainties and with the sensor subjected

to the time-varying delay case. An exponential convergence
condition involving the bound of the delay has been derived with
linear matrix inequalities (LMIs). The main advantage of this
approach compared to PDE ones is in the fact that the proposed
observer is based on a finite number of ODEs, which is more
suitable for implementation than the PDE models. It has to be
noticed that this approach was also used in [10], to derive an
output feedback based on a finite-dimensional observer with
time-varying output delay. Recently, in [11], the authors extend
the finite-dimensional approach to parabolic uncertain systems
where the uncertainties are located at output equations with fast
time-varying delay. The exponential convergence of the adaptive
finite-dimensional observer proposed in [11] was derived, pro-
vided that the bound of the delay is sufficiently small. In [12],
the case where the uncertainties are also located in the state
equation has been considered. An important challenge of [12], is
that it treats the case when the function ¢, (-, ) of the unknown
part in the PDE model depends on the spatial variable and
¢,(-,1) € L*(0,1) and also consider the fast time-varying delay
at the output. On the other hand, in [13], the authors consider
the case where the uncertainties are located in the state equation
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with rather restrictive conditions on the function ¢,(-,7) and a
constant delay. In the work [13], the function ¢, (-, 7) is assumed
as a finite sum involving a finite number of eigenfunctions in
L2(0, 1), which is obviously a rather restrictive condition. To cope
with constant delays, the authors use a classical output predictor.
The exponential convergence is derived by using the classical
small gain approach under restrictive conditions on the delay,
which has to be sufficiently small. It has also to be noticed that the
same restriction on the bound of the delay exists in [14] where the
distributed delay case is considered. In both papers [13] and [14],
the number of gains involved in the observers are at least equal
to the number of terms in the finite sum. This property can
imply a high number of gains on the observer even if the number
of unstable modes is small. The goal of the present paper is to
provide a more efficient solution than [13] by using a different
approach. More precisely, we propose to use a finite-dimensional
state predictor to handle large delay, and we provide a new expo-
nentially convergent adaptive finite-dimensional observer. We
also propose an algorithm where the number of gains involved
in the observer is equal to the number of unstable modes of
the systems.

Notations

We denote with C(a, b) the linear space of continuous func-
tions on the domain (a,b). L%(a,b) is the linear space of
square integrable functions on (a, b). Finally, H(a,b) is the
Sobolev space of functions in L?(a,b) such that the func-
tion and its first derivative has a finite L?> norm. Denote

A, =diag(—uy, ....—H,), C, = (\/E, \/5) is a row that has
n columns, L, = (I, ...,1,)T and, p, = (p;, ..., p,)T are vectors

with n rows. A, ; = diag(=pyy, ..o —#)s Py = Pigrs - 27
C,, = (\/E, e, \/5) is a row that has n — j columns.
2 | System Description and Assumptions

Consider the class of parabolic systems:

u, =u, +qu+ P (x,1)0 fort>0, x€(0,1) (1a)
u,(0)=u1)=0 (1b)
u(x,0) = u, (1c)

with initial condition u, € H'(0,1) with u,(1) = 0 and under the
delayed measurement

y(®) = u(0,1 —r) + ¢t — r)f )
where r is an arbitrary known constant delay. The constant g is a
positive known parameter, ¢ and ¢, are known and continuous
functions that satisfy

o) < My, ¥t >0 (3)

and
[y (x,0)] < My, Vx €[0,1],7 >0 @

with some positive constants M, and M, .

We also suppose that ¢, (., 1) € H*(0,1) with ¢, (1, ) = 0. The vec-
tor & € R™ is a vector of unknown parameters. The term ¢(t)6
models either sensor uncertainties or faults to be detected and
isolated. This uncertain term induces a difference between u(0, t)
and the available measurement y(f). The term ¢, (x, )0 models
uncertainties or disturbances that also disturb the model. The
role of the adaptive observer is to provide an accurate estima-
tion of both unmeasurable state u(x, ) and the unknown vector
of parameters 6.

The well-known regular Sturm-Liouville eigenvalue problem
v (x)+ Aw(x) =0, x € [0,1]withy(1) =y’(0) =0, generates
an increasing sequence of eigenvalues 4, = %Z(Zn -1? n>1
with corresponding eigenfunctions 1y, (x) = \/5 cos(\//l_"x)
for n > 1. The eigenfunctions y, form an orthonormal basis
of L*0,1) with f(0)= f(1)=0. A strong solution of (1)
is a function u € L?(0,0); H*(0,1) N C([0, c0); H*(0,1) and
u, € L*((0, 00); L*(0,1)) that satisfies (1c) for = 0 and (1a), (1b)
for almost all # > 0. By [15, Th. 7.7], (1) has a unique strong solu-
tion for uy, € H'(0,1)s.t  uy(1) = 0. Consequently the solutions
of the Equation (1) can be presented as

u(x, 1) = Y z,(0w,(x) )
n=1

where z,(f) = folu(x, Hy, (x)dx. We assume that the function ¢,
can be written as a finite sum as follows:

Ny
NCHEDWNOUAC) (6)
n=1

where N, is a positive constant and p, (1) = f01¢1(x, Dy, (x)dx.
Notice that since both ¢, and y, are bounded, then p, is also
bounded and satisfies |p,| < \/EMd,l.

Differentiating the modes z, and further integrating by parts
twice, we have

z,(t) = =4,2,() + qz,() + p,N0 n=1,2,....N, (7)

and

z,(t) = =2,2,() +qz,(t) n=Ny+1, ...,00 (8)

The output y can also be expressed as follows:
¥0) = V2 Y 2, = )+t - 10 ©)
n=1

Since 4, is an increasing sequence, then we can define an integer
N, as the smallest integer »n for which the following inequality
holds:

— A, +q<0,Yn> N, (10)

We assume additionally that g # 4,. Since (4 ,Cy,) is observ-
able [10], we choose Ly such that Ay — Ly Cy, is Hurwitz.

Consider the state estimation errors Zy = (Z,...,Zy)7,
the delayed state estimation errors & N, = ..., ¢ ,) and
En-n, = Enys1s -5 6n)T Where &,(1) = X,(t) = z,(t =), and

2 of 7

International Journal of Adaptive Control and Signal Processing, 2024

85U8017 SUOLIWIOD BAE8.D 3(qeotjdde au Aq peusenob a e seoile YO ‘@S JO S9N 1oy Aiq i 8UIjUO /8|1 UO (SUONIPUOD-PUB-SWLSH W00 A8 |IMAtelq Ul |Uo//SdNY) SUORIPUOD pUe Swe 1 8y} 89S *[5Z0Z/T0/T0] Uo ARid18ul|uo A8|iM ‘Se0In0ssi3 9 uoNsinboy Aq /¥6€'SIe/200T 0T/I0p/Wod A8 | imAriqiul|uoy//sdny woiy pepeojumod ‘0 ‘STTTE60T



ZN_ND = (Zy 41> -+ Zy)" Where Z,(1) = £,(1) — z,(1), and the
estimation parameter error § = 6 — 6.

Now let us consider the term

o

(o= Y z,t-n (1)

n=N+1

where N = max{No,N¢}. It was already proven in [10], that

> NH/lnzn is well defined for any 1 >, and Y > .. 4,22 <

llu (., DI 1201)" . We also have the following property:

¢ = ﬁ<u(0r—r> Zz - r)wn(0)>

then from the fact that w(0,f—r)=— /Olux(x,t—r)dx and

v, (0) = — foly/,’, (x)dx, we deduce that
N
()=—-——= u (x,t—r)— z,,(t—r)y/,:(x) dx

since u, (x,t —r) = Py (x), then

DI

1 e}
{)=—-— z,(t — Ny (x) |dx
\/_ <n—;+l )

using the Schwarz inequality, and since y/(x)=
—4/24, sin(4/4,x), then we deduce that

1 (S
ko< Y =
n=N+1

<1 - 2
— t_
LZ(OI) 2 ; "( r)

(12)
Consider the Lyapunov function
(o)
V= Y Az-r (13)
n=N+1
then its time derivative will be written as follows:
Vy=-2 Y Au,zit=r) (14)

n=N+1

we easily derive that

V()< =2pny1 D, Azt —1)==2uy, V(D) (15)
n=N+1

A z? and

From this last inequality, we deduce that both }7° . 4,22

| ()| converge exponentially to zero.

3 | Finite-Dimensional Adaptive Observer
Design

3.1 | Adaptive Observer Structure

Following [10], we will construct an N-dimensional adaptive
observer constituted by two parts. The first one is an adaptive

observer which provides an estimation of the delayed state
u(x,t — r) and has the following structure

ED == +p, = —1,G—y+v, n=1,...,N,
EO ==, E O +p,t=rd+v, n=Ny+1,...,N

N
30 = V2 6,0 + bt = Nh@)
n=1
(16)
with N defined in (10) and N = max{N,, Ny}, u, = 4, —q, 1,
are observer gains, 0(7) is estimate of 6, v, and v, are additional
signals that we will choose later on.

The second part is a finite-dimensional state predictor which
recovers the state u(x,?) and is constituted by two sub-parts:
The first one is a sequence of predictors ZAO) (1) € R™ with

Z (z) = col

delayed states Zy (1 —i6) = colnz"l(zn(z —i8)) of the unstable
part and defined fori =0, ...v, — 1 by

212, (1 —i6)) which estimates the vector of the

Z (t)—ANZ | (1) + ol (p, (t — i6)0(r)

— M Ly Cy (230 - 2y -8y A7)

Zym =0

with fzv (1) = col "1(5 ®)), Ly, such that A, N, = = Ay s taly
is Hurwitz, .A N, = Ay, — Ly,Ch,, and v, an 1nteger such that
6 = r/v, satisfies

[
[ ey ey as < 1)
0
The second sub-part is represented as follows:

t
2 (t) = e ME () + / e M=9p ()0(s)ds, n=Ny+1,....,N

1—-r (19)
and estimates the states z,(¢) for i = N, + 1, ..., N which have
a finite number of stable modes. The overall finite-dimensional
state predictor has the following structure:

N

A, 1) = ) 2,(0w,(x) (20)

n=1

Remark 1. 'We can easily remark that we use two kinds of pre-
dictors: one for unstable modes and another one for stable modes.
This is due to the fact that for unstable modes, the predictor in
integral form exhibits instability in the implementation, which is
not the case for stable modes.

Lemmal. If(), ENO(I) and 0(t) are exponentially stable with
rate p, and suppose that the following inequality is fulfilled

3 _
/ He(ANO-HlINo)S LNOCNO H ds<1 (21)
0

Then for an arbitrary positive constant a < p, the sequence of pre-

dictors defined in (1 7) for an arbitrary sequence ay < a; < ... <

5 (i)

a is such that |col 1(z,(t = i6)) — Z (t)| is exponentially stable
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with rate a;. In particular, |Z (t) - col
tially with rate ay,.

2.(z, ()| — 0 exponen-

Proof. Denoting e(}:,')o(t) =Zy, (t—i6) -
error of the i-th predictor, we have

ZA(I:,)D(I) the estimation

5(’) () = Ay, g<’> (1) = col™®, (p, (t — i6))0(1)

(i+1) 0 (22)
+ Mg LNoCNo(gNO 1) — gNo(t —0))

Define the scaled version of 5(’) (t) =%’ 55300). Clearly, bound-

(t)

edness of gah N Ny (1) is exponentially stable with

rate a;.

O(I) implies that ¢

é(') (= (Ay, +a Iy, )e() NOREY col, (p,(t — i8))0(1)

(23)

A, at g+ D (-
—e rNOL ,Cn, (e%'e o (l) ”NU(I 0))

Since a; < @, < a < p, in the inductive hypothesis that e(’“)(t)
is exponentially stable with rate «;,;, which is also the case for
g n, With rate p, this equation becomes

e? N D= Ay, + o INO)s(l) (1) — eam L CNU(e(') (t=6))

(24)
that admits the integral representation

4 - .
£y n, ()= / ehano Ly Cy el () ds+r; (25)
=6 "

where k; depends on the initial conditions, as it can be verified by
differentiation. Thus,

13
0 (@-ws
e, N, DI < /0 e

+ |

Agng T
et Ly Cy | dr-

sup ey, N, (DI

TE€[t—r,t] N

(26)
Since ¢*~® < 1, the integral term is less than 1, which guaran-
tees the boundedness of |e(’) N, ()] and the exponential stability

with rate a; of |e(]i]) ®)]. o
0

Remark 2. The observer proposed in [13] which supposes
¢(1) = 0, has the following structure:

2,(1) = =, 2,(0) + p, (0O = 1,(9) = y,(t + 1) + v,

n=1,...,N¢

N
30 = V2 2,0)
n=1

(27)

with y, in Equation (22) of [13] is classical output predictor
by using the classical formula y(r + r) = y(t) + /Ory(t + s5)ds. As
we can see, the above structure is based on the prediction of
the delayed output by using a classical predictor (Equation (22)
of [13]) based on the Leibniz formula. This predictor ensures
convergence only for small delays and leads to a conservative
condition on the bound of delay r. In the present paper we adopt a
different approach where we have two parts: The first one is con-
stituted by an adaptive observer that provides an estimation of the
delayed states, and a second one, which is based on a sequence of

predictors that can recover the value of state u(x, t) at instant ¢ for
any arbitrarily long delay r.

Remark3. 1t has to be noticed that the states
predictors (19) can also be written as delayed differential
equations (dde):

2,(1) = eTME (1) = [ 2,(1) — eTHTE, ()]

R . (28)
+p,()0@) —e " p,(t — 1O —r)

with initial condition

0

z,(0) = e M€ (0) + / e p, (5)0(s)ds

-r

The estimation errors system ENO(I) and EN_NO(I) can be
expressed as follows:

En, ()= (Ay, — Ly, Cy)E, ()
— (L, d(t = 1) = py, (t = )B()
~En, CrvonyEno, O + Ly, V20 + 0,

SN_NO(t) = AN—NOEN—NO(I) + pN—NO(t - r)é(t) + 0,

(29)

Consider for €y and &y_y, defined in (29) the decoupling trans-
formations [16]

en, (1) = &y, (1) = oy (0B(1) (30)

and
en_n, () = EN—NU (1) — a, (1) (3D

where «, is the solution of an auxiliary filter which is defined as
follows:

a,(1) = (Ay, = Ly, Cx,)ay(t) = (L, ¢t = 1) = pyy, (1 = 1)
+ Ly, Cy_n,2(0)
0, (1) = a, ()0
(32)
and a, is the solution of an auxiliary filter which is also defined
as follows:

{az(r) = Ay, @) + Py, (1 = 1) )

0,(1) = a, (1))
From this, we deduce two ODEs for ey, and ey_y, which do not
depend on 4.

éx, (1) = (Ay, = Ly, Cx,)en, () + V2 Ly £(1)

(34)
— Ly, Cy_n,en-n,()

and
én-n, () = (Ay_nen—n,®) (35)

Since N > Ny, then Ay _y is Hurwitz and consequently ey _y, is
exponentially stable. Consider

Vo(0) = e, (07 Pyey, (1) (36)

40f7

International Journal of Adaptive Control and Signal Processing, 2024

85U8017 SUOLIWIOD BAE8.D 3(qeotjdde au Aq peusenob a e seoile YO ‘@S JO S9N 1oy Aiq i 8UIjUO /8|1 UO (SUONIPUOD-PUB-SWLSH W00 A8 |IMAtelq Ul |Uo//SdNY) SUORIPUOD pUe Swe 1 8y} 89S *[5Z0Z/T0/T0] Uo ARid18ul|uo A8|iM ‘Se0In0ssi3 9 uoNsinboy Aq /¥6€'SIe/200T 0T/I0p/Wod A8 | imAriqiul|uoy//sdny woiy pepeojumod ‘0 ‘STTTE60T



where P, satisfies the following inequality
Py(Ay, = Ly,Cy,) + (Ay, — Ly, Cy,)" Py < —2P, (37)

It’s time-derivative will be expressed as follows:

Vo <=2V,
(38)
+ 2eNu(r)TP0<\/§ Ly C()— Ly, CN_NOeN_NU(t)>
Applying again Young’s inequality, then
- 4
Vo< -2V + €1|9N0(I)|2 + €_|P0|2||LN0|2|C(T)|2
1 (39)

2| P

+ |LNOCN—N0|2|eN—NO(t)|2

€
which gives us

; (& 4 2 2 2
Vo< (2 7 (P0)>V°+51|P°| Ly, 71O (40)

min

+

2|Ry|?
c |LN0CN—N0|2|9N—NO(I)|2 (41)

1
Choosing €, = A, (Py), then
4

Vo< =Vo+ ——IPPlILy, PlEOI (42)
0 0 j'min(P()) 0 o
2| R
0% Ly Cy_n Pley_n O (43)
Amin(PO) o= N

Since both e, _ N, (t) and |{ ()| are exponentially vanishing, we can
also deduce from the comparison lemma that |ey | is also expo-
nentially vanishing.

311 | Estimation Law Design
Following [16], we propose the following estimation law:

bt = —RO@ OCE + ¢ (1 =GO 1) (44)
with

drRO) _
— .~ = R()~ R() 45)

X (@ (NCY, + ¢" (1 = NNCya” 1) + ¢t — r)R()
where o = (a] a)) and Cy =(Cy, Cy_y ). It was already

proven in [16] that if || and |¢| are bounded and if the persistent
excitation condition

t+T
/ KT (s)K(s)ds > f,] (46)

with
K'(t)= (" (1)C], + ¢" (t — 1)) 47)

holds for some positive constant §,, then both R(r) and R}(r) are

positive definite matrices and there exist two positive constants
p, and g, such that the following inequalities hold:

pil, < R(t) < Bl (48)

and the inverse matrix satisfies:

drR'®)
RO

+ (@ (Cy +¢" (= r)(Cya’ (1) + 1 —r)  (49)
with

Pil,, < R7I@) < B, (50)

3.1.2 | Convergence Analysis

The parameter estimation error is governed by the follow-
ing ODEs:

4(t) = —R(OKT K101
(51)
- R(Z)KT(Z)(C]\rneNn (0 + Cn_n,en-n, (1) — \/Eé(t))

To study the convergence of 0, let us consider the following
Lyapunov function for (51):

V(1) = 6" ()R (1)0() (52)

Then the time-derivative of Vj satisfies the following equality

Vo(t) = V() + [Cy, en, (1) + Cy_y,en—n, () = V2ALOP (53)
Using Young’s inequality, we derive

V(1) < =Vy() + 4|Cy en, (D* +4Cx_y en_n, DI 51)
+8l¢m))?

Since ey_y,, ey, and { converge also exponentially to zero,
then by applying the comparison lemma to (54), we con-
clude that @ will also converge exponentially to zero. On
the other hand, from (30) and (31), we can deduce that
IEN I £ 2len(®)? + 2|a()]?|6(n)|?. Since both systems (32)
and (33) are ISS and |py| and |¢| are bounded, then || and
|a,| are also bounded. This allows us to conclude that |€, | is
also exponentially convergent to zero. Now let us consider the
prediction error

Z.() = e M E (1) + / e M=y (5)0(s)ds (55)

Since both &, and 4(f) converge exponentially to zero and p, are
bounded terms, then we can say that there exist two positive con-
stants M,, and o, such that |§(1)| + |€,| < Mye™®', n=1, ..., N.
From this, we can deduce that we can derive the following
inequality forn = Ny +1, ..., N

1
12,()] < e |E ()] + MyMge ™' / e (ComH)S g (56)
t-r
which gives us

1
|2,(0)] < e € ()] + MyMye ™' / e~k g g (57)
t=r
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\hatu -u

hat 6 with theta=5

\hat \theta

0 5 10
time

FIGURE1 | Estimation errors for system (1) with delay » = 6 and 6 = 5.

and

M¢M0(e(ao—un)r -1
e

0o — Hp

|Z2,(0] < e Mye %" + —oo! (58)

which means that

N MZMZ(e(a'O—un)r _ 1)2
~ 0
1 Z oy, P <2720 Y e 2 4 2 ( .
n=Ny+1 Oo — /4”)

On the hand, since (), 8(7), and & No(t) are exponentially vanish-
ing, we deduce from Lemma (1) that there exist positive constants
a,and M such that | 2}y (1) — col*, (z,(1)] = | Zy, > < Moe™".
and from Parseval’s equality, we can say that

N
¢ D) = uC, D00 = DAZEO+ Y, Az® (59
i=1

n>N+1

Since Zﬁlﬂ,zf(t) < AylZy|? andsince ¥, v, 4,2%(1) is expo-

nentially vanishing, then we can also conclude that the H! norm
12, ) = u(-, |l 10,1y cONVerges exponentially to zero.

Theorem 1. Consider system (1) with initial condition
uy € HY(0,1),u,(1) = 0, and adaptive observer described by (16),
(17), (19), (20), (32), (33), and (44). Let N, € N satisfy (10) and
N =max{N,, N,}. Let the vector of gains LN0 = (4, -~~JN0)T
satisfy (37). Let the integer v, and the positive constant a sat-
isfy (21). Then under persistent excitation conditions (46), the
norms |i(., O 101y and |0(t)| converge exponentially to zero.

Remark 4. Compared to the result of [13], we can easily
remark two important features: (i) Contrarily to the observer
proposed in [13], we cope with an arbitrary long constant delay,

[I\tilde u|[*2

2
6000 |[hat u- ul|
4000
2000
0
0 5 10
time
\tilde u(0.5,t)
10
8
15)
S 6
]
o 4
2
= 2
0
0 5 10

time

provided that the integer v, is chosen sufficiently large, and
ensure exponential convergence of both state and parameter
estimation errors. (ii) Another important advantage of our
observer compared to [13] and [14] is in the fact that the number
of the observer’s gains in our observer is fixed by the number of
unstable modes N,, contrarily to the observer of [13] and [14],
which runs with N, gains. If N, is high, this implies a high
number of observer’s gains in [13] and [14], even if the number
of unstable modes is not important.

4 | Example

In this section we illustrate our result on system (1). We
consider ¢ =3 and ¢,(x,t) = cos(x x/2) + sin(¢) cos(3z x/2).
The output y=u(0,1) + (2 —cos(107))0. The condition (10)
gives us N, > % + \/73, then the smallest integer satisfying (10)
is Ny = 2. Given N, = 2, we deduce that the smallest integer is
N = 2. The simulations are performed with N, =2 and N =2,
v, =30, L =232, 1.1)T andr =6 (Figure1).

5 | Conclusion

In this paper, we presented a new finite-dimensional adaptive
observer for a class of linear parabolic systems with a free delay
at the output. Our algorithm ensures exponential convergence
to zero of both state and parameter estimation errors for a free
constant delay.

Data Availability Statement

Data sharing is not applicable to this article as no datasets were generated
or analysed during the current study.
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