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Finite-Dimensional Observer-Based Boundary
Control of 1-D Linear Parabolic-Elliptic Systems

Pengfei Wang

Abstract—This letter investigates the finite-dimensional
observer-based boundary control for 1D linear parabolic-
elliptic systems via the modal decomposition method. To
address the potential multiple eigenvalues arising from
the elliptic equation, we implement bilateral actuations
(one Dirichlet and one Neumann) on the boundary of the
parabolic equation with two point measurements. When the
eigenvalues are simple, one boundary actuation and one
point measurement are sufficient, but the second input and
output may reduce the observer dimension. We present
efficient LMI conditions for finding observer dimension,
as well as controller and observer gains, ensuring the
H1 exponential stability with any desirable decay rate. We
show that the LMIs are always feasible for large enough
values of the observer dimension. Numerical examples
demonstrate the efficiency of the method.

Index Terms—Parabolic-elliptic system, observer-based
control, modal decomposition, Lyapunov method.

[. INTRODUCTION

ARABOLIC-ELLIPTIC systems appear in numerous

applications, including lithium-ion cells [1], transport
networks [2], chemotaxis phenomena [3], and thermistor [4].
Recently, the controllability and stabilization of parabolic-
elliptic systems have been widely studied. In [3], [5] and [6],
non-local and boundary null controllability of parabolic-
elliptic systems were analyzed. In [7, Ch. 10], the stabilization
of parabolic-elliptic systems was suggested in the context of
boundary control of Kuramoto-Sivashinsky and Korteweg de
Vries equations.

For linear parabolic-elliptic systems, boundary state-
feedback control and output-feedback control based on PDE
observer of were studied by the backstepping approach
in [8], [9], [10]. In [11], finite-dimensional state-feedback
boundary control with constant delay was investigated by the
modal decomposition method under the assumption of simple
eigenvalues. In [12], boundary stabilization of a class of sin-
gularly perturbed reaction-diffusion systems was achieved by
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stabilizing the corresponding reduced-order parabolic-elliptic
system.

Finite-dimensional observer-based controllers for parabolic
PDEs are attractive in practical applications and have been
extensively studied since the 1980s [13], [14]. In the recent
paper [15], a finite-dimensional observer-based control was
suggested for 1D parabolic PDEs, where constructive LMI-
based conditions were provided to determine the observer
dimension. The complexity of these LMIs was subse-
quently reduced in [16]. Based on [15], some extensions
have been done for both unbounded observer/controller
operators [17], input/output delay robustness and delay
compensation [16], ODE-heat equation cascade [18], and high-
dimensional parabolic equations [19], [20], [21]. However, the
finite-dimensional observer-based control for parabolic-elliptic
systems remains open. The main challenges, compared to
parabolic equations, arise from the elliptic equation, which can
result in multiple eigenvalues, leading to an uncontrollable and
unobservable finite-dimensional subsystem.

In this letter, for the first time, we study the finite-
dimensional observer-based control of parabolic-elliptic
systems via the modal decomposition method. To address
the multiple eigenvalues caused by the elliptic equation,
we consider bilateral actuations, one Dirichlet and one
Neumann, on the boundary of the parabolic equation and
two point measurements. We employ a dynamic extension
with the corresponding proportional-integral controller and
prove H! exponential stability. We prove controllability
and observability of the finite-dimensional system, which is
not straightforward for multiple eigenvalues case. Given a
desirable decay rate, we provide LMI conditions for finding
observer dimension N, controller and observer gains. We
show that the LMIs are always feasible without restrictions on
system parameters and decay rate, and if the LMIs are feasible
for some N, they remain feasible for N + 1. Moreover, if the
eigenvalues are simple (as in [11]), our method is applicable
for one actuation and one measurement. Numerical examples
demonstrate the efficiency of our method. The contribution
of this letter compared to the existing results is formulated as
follows:

1) For the first time, we present finite-dimensional observer-
based control for parabolic-elliptic systems, which is easier
for implementation than the PDE observer in [8], [9].

2) Compared to [8], [9] based on the backstepping, for
single input and single output, we have milder restrictions on
system parameters and can achieve any desired decay rate.

3) Compared to state-feedback control via modal decom-
position presented in [11] restricted to simple eigenvalues,
we introduce additional and appropriate input and output to
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manage with the controllability and observability issues caused
by multiple eigenvalues. Bilateral control is applicable not
only in the multiple eigenvalues case, but has advantages over
the single input (in the simple eigenvalue case) in terms of
the observer dimension (see the end of the example) and in
the case of the loss of one of the actuators.

Notations: Denote by L>(0,1) the space of all square
1ntegrable functions f : [0, 1] — R with inner product {f, g) =
fo f(x)g(x)dx and induced norm |[f||L2 = (f.f). H'(0, 1) is
the Sobolev space of functions f : [0, 1] — R with a square
1nte§rable Weak derivative. The norm defined in H 1(O, 1) is
|[f||Hl = |[f|| + |[f/||i2. The Euclidean norm is denoted by
|-|. For P € R"X”, P > 0 means that P is positive definite
with symmetric elements denoted by *. For 0 < P € R"™"
and x € R", we write |x|%, = xTPx. Denote by N the set of
positive integers.

Il. MAIN RESULTS
A. System Under Consideration
We consider the following parabolic-elliptic system:

Z1(x, 1) = Zex (X, 1) — pz(x, 1) + av(x, 1),
0 =vu(x, 1) —yv(x, 1) + Bz(x, 1),
z(x,0) = z0(x), x € (0, 1), (D

with the boundary conditions

20,0 = diui (1), zx(1, 1) = doua (1),
v(0,1) = ve(1,1) =0, 2)

where o, y,«, B are all real with o8 = 0, ¥y # —Ay, Ay =
(n—%)znz, n € N, uy (), uz(r) € R are control inputs, di, d» €
{0, 1}. Let d = d; +d> > 1, meaning that at least one actuation
is active. Let zo be the initial state. Note that for any zg, the
initial condition v(-, 0) is determined by solving the second
equation in (1). Therefore, it is unnecessary to specify an initial
condition for v.

Remark 1: The parabolic-elliptic system (1) can be inter-
preted as a simplified model for lithium-ion batteries, where
z is the concentration of lithium ions and v is the elec-
tric potential in the electrolyte [1]. The parabolic equation
models ion diffusion with terms for ion depletion pz and
coupling to the electric potential av. The steady-state elliptic
equation characterizes the electric potential response to ion
concentration. The Dirichlet actuation typically represents a
controlled concentration or flux of lithium ions entering the
system, while the Neumann actuation governs the flux or
gradient of ion concentration. The stabilization of (1) has
been studied in [8], [9] under Neumann and in [10], [11], [12]
under Dirichlet actuations.

We consider one or two sensors at points x*f,xﬁ S (0 1]'

if the sensor device at x (1 = 1,2) is used, we set d;

1, otherwise, d, =0 w1th d = d1 + d2 > 1. Then the
measurement is given by

* * T 5
(6 = [z(xl,* 0,203,0]°,  d _2, 3)
diz(x], 1) + daz(x5, 1), d =
For a function g € L*(0,1), v = F,(9) = I -

d,) " lg is the unique solution to the boundary value problem:
—Vex + Yv = g, v(0) = V(1) = 0. Similar to the proof of

[22, Th. 8.22], we can obtain that F,, is linear, continuous,
and self-adjoint. We then present system (1) as

% = Zxe — P2+ fF)(2),
2(0, ) = diui (), zx(1,1) = draur(2). 4)

Let ¥1(x) = cos(mwx) and ¥ (x)
Note that 1 and v, satisfy

= —%sin(n'x), x € [0,1].

Y () = =y (), ¥1(0) =1, yi(1) =0,
¥y (1) = —pua(x), ¥2(0) =0, yi() =1,

where = 2. Following [23] for heat equation, we introduce
the change of variables

wx, 1) = z(x, 1) — Y (Du(),

_ ), Y2 (0], d=2,
W= {dll/fl(x)+d21/f2(x), d=1,
_ @, wmol',  d=2,
un = {dllll(t) +dowa(t), d=1. )

Combining (1) and (5), we obtain the equivalent system:

Wi = Wy — pw + afF), (W) — ¥ [Eou(®) + u(n)]
+aBF, (Y)u(),
w(0, 1) = wy(l,1) =0,
w(x, 0) = z0(x), x€(0,1), (6)

where 89 = diag{u + p, i+ p}, Fy (V) = [F, (Y1), Fy (¥2)]
ford=2and Eg = u+p, F, () = diFy (Y1) + d2Fy (Y2)
for d = 1. The measurement (3) becomes

|: Ex] , t; + xlfgx’f)u(t):| I
y® = [ w(s, 1) + v (5)u@ | ’ (7
Zz 1 dl[ ( ) + l'//( )u(t)]

Henceforth we treat u(s) € R? as an additional state variable,
subject to the dynamics

() = —Zou(®) + v(»), t >0, u(0) =0, (8)

whereas v(r) € R? is the new control input. Then (6) can be
presented as

Wi = Wyx — pw + aBF, (W) — Yv(t) + afF, (Y)u(d),
w(0, 1) = we(l, 1) = 0. 9)

B. Modal Decomposition and Observer/Controller
Design

Define the operator:
A Aw = 0w — pw + afF, (w),

D) = [we B0, 1, wO) =w/(1) =0} (10)
According to [9, Th. 1], the operator .4 generates an analytic
Cp-semigroup on L%(0, 1). From [9, Lemma 2] or [11, Th. 6],
the eigenvalues and the corresponding eigenfunctions of A are
given by

Ay = A+ op
n — 10 n )\‘n+y7

Ga(x) = V2sin((n — 0.5)wx), n=1,2, ...,

n>1,

Y
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where A, are defined below (2). The eigenfunctions form a
complete orthonormal system in 2 (0, 1). Since lim,,_, o oy =
—o0, for given § > 0 we can find Ny such that

di+8 <0, n> Ny, (12)

where Ny will define the number of modes to be controlled.
Let N > Ng, N € N be the dimension of the observer.

The eigenvalues {A, } 4~ are simple if and only if «, 8,y
satisfy —aB # Ay, +¥)(Ay, +y) for 1 < ny < ny < Np.
Thus, for af > 0 and y > 0 the eigenvalues are simple. Note
that when —af = (A,, + ¥)(Ay, + y), multiple eigenvalues
appear, making our single actuation inapplicable. In this case,
the conditions in [9] are feasible for large p.

We claim that the maximum mu1t1p11c1ty of {An} 01 is 2. If
there were 3 multiple eigenvalues: A,, = Ay, = Ay, it would
follow that A,,, = Ay, = Anj_iy — v, contradicting the fact that

{)»,,}zil are simple. We assume

d, d > maximum multiplicity of {An} (13)

n=1>

meaning that if there are multiple eigenvalues, we must have
d = d = 2, and if the eigenvalues A, are simple (as
assumed in [11] for state-feedback control), a single actuation

(i.e.,d =1) and a single measurement (i.e., d = 1) are
sufficient.
We present the solution to (9) as
2
Wi, ) =Y wa(O¢n, wal)) = (w0, ¢).  (14)

n=1

with {¢,}7° | defined in (11). Integration by parts implies

——— (g, ¢u), Vg € L*(0,1).  (15)

(Fy(g)’(Pn) = oty

Differentiating under the integral, integrating by parts and
using (10), (11), (15), we obtain

W (0) = Ko (6) = O‘f bau() + byv(o), 1> 0

n

wu(0) = (w(-, 0), ¢n)a
6,0 ¢ () _
by = [ ) 4 =2 (16)
di19,0) | dygu (D) _
;L_)\n + lzlf_kn ’ d_ 1

Following [15] for heat equation, we construct the finite-
dimensional observer

N
W) =Y Wn(t)pu(x),

(17)
n=1
with w, (1), 1 <n < N satisfying
Wi (1) = A (1) — byu(r) + byv (1)
n
— L@ —y®), t>0, W, (0)=0, (18)
where y(f) is given by (7), I, € Rlxa, n=1,...,N are

observer gains, and
[ (xl, ; (x*f)u(t)i| P
() = ( ¥ ()u) | -
> 1d[ () +vEHuo], d=

Introduce the notations

o = {[%m) ()], 2=2.

di¢n(x}) ~|—d2¢,,(x2) d=1,
Co = [Cl,...,

neN,

cny| € RPN A = diag{,)M,
We choose x*f, xz € (0, 1] such that

rank(c,) = 1, if A, is simple, 1 <n < Np,
rank[cpy, ¢ny | =2, if Apy = Any, 1 <1 < ma < Np. (19)

From [19, Lemma 1], we obtain that the pair (Ag, Cp) is
observable. For § > 0, we choose Ly = [ZIT,...,I}C,O]T
satisfying the following Lyapunov inequality

Pc(Ag — LoCo) + (Ag — LoCo) TP, < —25P,, (20)

for some 0 < P. € RMNxN_ Fyrthermore, as
in [15], [16], [24], we choose [, = 0, 5 for n = Ny +
1,..., N, to guarantee the LMI feasibility and derive reduced-
order LMISs.

Define the following notations:

T
af 1 ap Ti| T T T
Ao = by, ..., b , Bo=|by,...,b ,
0~ [x R v B o]

s~ | —&o 0 = | DI
N A |

Lemma 1: The pair (Ao, Bo) is controllable.

Proof: We focus exclusively on the case that there are
multiple eigenvalues among the first Ny eigenvalues, which
together with (13) implies d = 2. The scenario where the
eigenvalues are distinct can be proven in a similar manner.

By the Hautus criterion (see, e.g., [25, Proposition 1.5.5]),
the controllablhty of (AO,BO) is_equivalent to rank[Ao —
M, Bo] = No + 2 for all 1 € o(Ag) = {—(u + p), —(u +
0), A1, .. ANO} For A = —(u + p), we have

[Ao — A, Bo]
0252 0 I
- [_COI{%}L\Z diag{A, —i—u—i—p}ivil B0:|
Since Intutp # 0,n=1,..., Np, it is clear that rank[Ag —
M, Bo]l = No+2. Let Ay, Ap, be the multiple eigenvalues. For

A= )‘m = Anz, by elementary matrix transformations, we find
that [Ag — AL, By] is equivalent to

02x2| 0 | 02| b
b
0 ‘ q)nl,i‘lz O ‘ bnl N (21)
ey ey Anz
Eo ‘ B1 ‘ 0 ‘ By
_[9,©  ¢n (D
vAvhere Dy = |: Z;(O) by (D) | By = col{bn}n 1 n#nl ny
El = COI{(M - )“nl + )\n(:[/j' n+)’) n}n Lin#ny,ny? uz =

diag{r, — )_\,,l}ilvilyn#nl’nz. Since rank(®,, ,,) = 2 and A, —

in] # 0 for n # ny,ny, 1 < n < Ny, we have rank[;lo —
A, Bol = No + 2. ]

Remark 2: In [19], [20], [21] for high-dimensional heat
equations, multiple control inputs on the same in-domain sub-
set or boundary are introduced to address controllability issues
arising from multiple eigenvalues. If we follow [19], [20], [21]
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and assume z(0, 1) = 0, zy(1,7) = uy(¥) + uy(#), we find that
Gn (1) Py (1)

Gny (1) Py () |
In this case, rank[Ag — A[, E(_)] = No + 1, meaning that
(Ao, Bo) is not controllable if A,, = A,,. This indicates that
the method of [19], [20], [21] cannot be applied to address
multiple eigenvalues in parabolic-elliptic equations.

Let Ko € R¥*Wo+d) be the controller gain (it will be found
from LMIs (28) and (27) below). We propose the following
finite-dimensional controller:

V(1) = —Kow™ (1),

WM (1) = col{u(n), Wi (t), ..., Wy, (1)

Since A defined in (10) generates an analytic Cp-semigroup
on L*(0, 1) and F, : L2(0,1) — L%(0, 1) is linear and con-
tinuous, the well-posedness of the closed-loop system (8), (9)
with control input (22) can be established in a manner similar
to[16, eqs. (2.15)—(2.18)]: given zp € Hl(O, 1), system (9)
with control input (22) has a unique classical solution w €
C([0, 00), L2(0, 1))NC ([0, 00), L2(0, 1)), and w(-, 1) € D(A)
for all ¢ > 0.

the corresponding @, ,, in (21) becomes

(22)

C. H' Exponential Stability
Let e, (1) = wy, () — Wy, (). We have
N
@) = y() == cnen(t) — (1), (23)
n=1
where £ () = Y72 v, cawa(f). By using the Cauchy-Schwarz
inequality, we obtain
o0
EOP <ky Y Aawa(®), (24)
n=N+1
2 2
where kv = 3y S = 20 #
From (16), (18), and (23), we obtain

en(t) = Xnen(t) — Iy |:Z cnen(t) + é‘(t):| . (25)

n=1

Denote by eM(r) = col{e,(N})?, and NN =
col{en(t)}ilvzl\,oJrl Since [, = 0 for Ng+1 < n < N, we see that
NNy = AjeNNo(r), £ > 0, where Ay = diag{h,})_ N1 18
a stable matrix due to (12). By (18), (22), (25), we obtain

W00y = (Ao — BoKo ) (1) + LoCoe™ (1)

+Loc (t) + LoCreV M), (26a)

M) = (Ag — LoCo)e™ (1) — Lol¢ (1) + Cre M 1)1, (26b)
. - O‘ﬁbn 0

Wn(t) = )Lan(t) - |:)»

n

+ byK, ]WNO(Z) n>N, (26c)

where Ci = [engsts....enl, Ly = [03,,.L31T, 1o =
(14, Oaxn,]. Note that (¢) defined below (23) does not depend
on {v?/,,(t)}f;’:NO 41 Which are exponentially decaying provided
WMo (1) is exponentially decaying. Therefore, for the stability
of (9) with control (22), it is sufficient to show the stability
of the reduced-order closed-loop system (26).

Next, we derive LMI conditions for finding observer dimen-
sion N and gain K ensuring the H'! exponential stability of
system (26). The main result is presented below.

Theorem 1: Consider system (8), (9) with a8 # 0, p € R,
y # —(n — 0.52%n2, n € N, initial value zg € H'(0, 1),
measurement (7) with x7,x5 € (0, 1] satisfying (19) and
control law (22). For decay rate § > O, let Ny € N
satisfy (12), N > Ny, and d, d satisfy (13). Let there exist
scalars aj, a», a3 > 0, matrices 0 < P,, € RWotd)xNo+d),
0 < P, € RNoxNo y ¢ RIXMNotd) gych that the followmg
LMIs are feasible:

- aii ar|aB|A ask,
Ay 4 6 4 N 2|aB N+12 KN 27
2 2(AN+1+Y) 2
and
911 LoCo Lo YT P13
* (OPY) —P.Ly 0 0
@0 = * * —a3l 0 0
* * * —ay 0
oN o
* * * * ~ TaBlon
<0,

©11 = AgP,, + P, A} — BoY — Y"By + 25P,,,
O = P.(Ag — LoCo) + (Ag — LoCo) TP, 4+ 26P,.  (28)

Then solution wu(f), w(x,t) to (8), (9) under the control

law (22), (18) with controller gain Ko = YP and the
corresponding observer w(x, ) given by (17) satlsfy

@ + W D21 + W ) — G, D17

< Me™||zoll3, 1> 0, (29)

for some M > 1. Moreover, LMIs (27) and (28) are always
feasible for large enough N, and the feasibility of the LMIs
with some N implies their feasibility for N + 1.

Proof: We consider the Lyapunov function

v = [Mo, + 100,

00
+pe|€N7N°(t)|2+ Z )\nwi(t)7
n=N+1

(30)

where P, = }_’v_vl and 0 < p. € R. Differentiation of V(¢)

along (26) gives
V() +26V(0) = (W 0) [P, (Ao - f?oKo)
~ - T
+ (Ao — BOKO) Py + 26P, 10 (1)
+ 2N (1) PyLo[Coe™ (1) + £(1) + CreV Mo ()]
+ (M00) " [Pe(Ao — LoCo) + (Ao — LoCo) P,
+26P,]eM0 () — 2(e™ (1)) PoLo[2 (1) + CreM N ()]
+ D 20l + 8w

—N+l

Z ZAnwn(t)|:

n=N+1
+ 200 (VM) (AL + 81) N Nor).

By Young’s inequality, we have for aj, ar > 0,

afby

1 WO () + b Ko™ (t)]

€1y

Z 20 Wi ()b Ko™ (1)

n=N+1
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Z Aaywi () + —|K0WNO(Z‘)’

—N—H
Z 2,\,,wn(t) b,,lofuNO(t)
n=N+1
Iaﬁl a | ﬂle 2
< Z —————hawa (1) + —— 1o . (32)
nenvt1 ¢ v)
where oy = Y00 v 1 1Bal? = 00 vy W Let () =

col(Wo (1), eMo(1), ¢ (r), N No(r)}. Substituting (32) into (31),
using (24) and S-procedure for a3 > 0, we obtain

V) + 28V +as| iy Y dawp () — [E@)1

n=N+1
o0
<" OOnM+ Y 22aPuwi(). (33)
n=N+1
where ®, = A, + 8 + a‘)‘” + zlﬁflizy)z + 4%, n>N, and
P I:()Cl
_ | ©9 )\ . w
®= [ % 2pu(Ar +25D) ]‘I’ = _Peéocl :
©11| PwloCo| Pulo
Oy = * O —P.Ly (34)
* * —a3l

Here ®11 = P, (Ag — BoKo) + (Ao — BoKo)"Pyy + 20P,, +
X KTKo + %1310. Since A} + 81 < 0 due to (12), by
Schur complement for p, — o0, we obtain that ® < 0iff
Q¢ < 0. By multlplylng ®¢ in (34) by diag{P;, L 1,1} from
the right and the left, using Schur complement, and recalling
P, = Pw , we obtain that (28) implies ®9 < 0. Moreover,
since A, — —oo and is monotonically for n > N, we have
&, < 0 for all n > N if (27) holds. If LMIs (27) and (28)
are feasible, the controller gain is obtained by Ko = YP;,!. In
this case, we obtain from (33) that V(r) + 28V (¢) < 0, Wthh
together with (30) implies (29) for some M > 1.

We show next that for any system parameters o # 0, y #
—An, p € R, LMIs (27) and (28) are always feasible for large
enough N. To show the feasibility, we choose a; = a; = 1 and

= N. Since the pair (Ao, By) is controllable (see Lemma 1),
we take Ko such that Ag — BoKy + 81 is Hurwitz. Then we can
find P, that solves the following Lyapunov equality:

P, (AO — BoKo + 31) + (Ao — BoKo + 51) = —1. (35)

Since (Ap, Cop) is observable, we take L such that Ao LoCo+
81 is Hurwitz. For y > O satisfying x/—P LOCOCOL P, >0,
we can find P, that solves the following Lyapunov equality:

P.(Ag — LoKo + 8I) + (A9 — LoCo + 8D)TP, = —xI.  (36)

From the definitions of oy below (32) and «n below (24),
we have py = O(N™1), KN = ON~'"), N — oo. Recalling
ap = ap = 1, a3 = N, A, in (11), and A, below (12), we
find that (27) holds for N — oo. Substituting (35), (36), and

= N into ®¢ defined in (34), we find that ®¢ < 0 is always
feasible for large enough N.

Note that the size of ®( does not change when N grows.
Moreover, both py and xy monotonically decrease with N.

Therefore, if LMIs (28) and (27) are feasible for some N, then

they are feasible for N + 1. |
Corollary 1: Under the conditions of Theorem 1, the fol-

lowing estimates hold for z(x, r) and v(x, t) (state of (1)):

Iz, O + G, D113 < Me™ ||zl t > 0,M > 1. (37)

Proof: First, for v(-, ), we have the following estimate:

= anw(-, 0, 6> =Y nlFy (. 1), 60)

n=1

(”)ZA 0. 60

n=1

VG, Dl
< Moliz(-. )71 (38)

where My = Sup,> | Mn_}i’)/‘ From (5) and (29), we have

Iz, Ol < 20w Dl + 20113, u@)
< M1675t||Z0||H1, t>0,

for some M; > 1, which together with (38) implies (37). M

Remark 3: For the case of simple eigenvalues, single actu-
ation and single measurement are sufficient, and our method
is effective for Neumann boundary conditions as in [9] and
Dirichlet boundary conditions as in [11]. Especially, for the
following actuation and measurement as in [9]:

Vx(()? t) = Vx(l’ t) = Zx(09 t) = Os Zx(la t) = u(t)s

y(@) =z(1,1), (39)
the corresponding ¥, u, A, ¢, are replaced by
900 = =2 oos(Za) = oy = 0= 172
X) = ncoszx,u_4,n_n e,
b1 =1, ¢u(x) =V2cos((n— Drx), n>2. (40)

For the stability analysis, we consider the Lyapunov func-
tion (30) with ZiiNHAnwﬁ(t) replaced by Z:O:N+l()“n +
1)w2 (#). This is because for the Neumann boundary conditions,
lwl|? , is equivalent to Y oo Na1n + l)w By arguments
similar to (31)-(27), we can obtain the exponential stability
if (28) and the following LMI are feasible:

Brn

- aj az|ap|
A S >+ ———— + 22 <0, @D
2 204+ 2

where ky, py are replaced by ky = Zn N+1 A‘C’il, PN =

Yoyt G + Dby = 30y oty The LMIs (28)
and (41) are always feasible for any decay rate and system
parameters provided —aB # (A, +y)(Ay, +y) for 1 <nj <
ny < Np.

Remark 4: The modal decomposition method in this letter
presents complementary results to [9] based on the back-
stepping: it allows a finite-dimensional observer-based control
without any approximations, and can achieve any desired
decay rate. Besides, the modal decomposition method is easily
applicable to in-domain control/observer, and is more robust
with respect to delays (see [26, Remark 2] and [19]).
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TABLE |
MINIMUM N FROM LMIS (28) AND (41) FOR § = 1
o 20 -15 8 2710
No (from (12)) 2 2 T T 1
Lo (from (20)) | [206.7,93.3]T | [75.9,24.4]T | 22.8 | 7.9 | 3.6
min N 10 6 3 2 1

Fig. 1. Evolution of the state w(x, t) (left) and v(x, t) (right) with
parameters (42) and gains (43), (44).

IIl. NUMERICAL EXAMPLES

We first consider system (1) with Neumann boundary
conditions (39) and the positive parameters y = 1, @ =
0.5, B = 1, where the eigenvalues are simple. We consider
the measurement y(f) = z(l,?). Note that [9, Th. 10] (for
state feedback) is not applicable for p < 0.0615, whereas
for p > 0.5 the open-loop system is stable and the decay
rate can be slightly improved by the feedback. Our LMI
conditions (28), (41) (with ¥, wu, Ay, ¢, in (40) and ky, p§
above (41)) are feasible for any p € R and decay rate § > 0
for appropriate Np and N. Setting § = 1, we choose p €
{-20, —15, -8, —2, 0}, determine Ny from (12), and derive
the observer gain Ly from (20). The LMIs (28), (41) were
verified to find minimal N that preserves feasibility. The results
are given in Table L.

We show that for the case of multiple eigenvalues our
bilateral control works efficiently. Consider (1) with boundary
conditions (2) and the following parameters:

o =-n%/2, B=57%)2, y =n%/2, p= 37> (42)

We have A = A, > 0 and A,, < O for n_> 3, which results in
an unstable open-loop system. Let d = d = 2. Take the decay

rate § = 1. From (12) we find Ny = 2. Choosing x| = %
and x5 = 1, we see that (19) is satisfied and lenl> =3, n =
1,2,.... From (20), we obtain
3.2189 1.9622
Lo= [3.2189 —1.9622}' (“43)

The LMIs (27) and (28) in Theorem 1 were verified to be
feasible for N = 3. We obtain the controller gain

Ko — 45.054 —-36.091 225.378 25.052 (44)
0= -393.943 —16.054 881.609 —257.704 |

For the simulation of the closed-loop system, we take the
initial condition zo(x) = x* — 2x. The simulation was carried
out by using the FTCS method with time step 0.001 and space
step 0.05. The simulation results are presented in Fig. 1 and
confirm the theoretical analysis.

We next show that bilateral control for the simple eigenvalue
case reduces the observer dimension. If we select y =
72 /24 0.01, we have simple eigenvalues and obtain observer
g%gig _119995331 from (20). The LMIs (27)
and (28) in Theorem 1 were verified to be feasible for bilateral
actuations (d; = dp = 1) with minimal N = 3, for single
Neumann actuation (d; = 0, d, = 1) with minimal N = 7, and
for single Dirichlet actuation (d; = 1, d> = 0) with minimal
N = 26.

gain Ly =

[1]

[2]

[3]

[4]

[5]

[6]
[7]
[8]

[9]

[10]

(11]
[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]
[23]
[24]
[25]

[26]

REFERENCES

C. Kroner, “A mathematical exploration of a PDE system for lithium-
ion batteries,” Ph.D. dissertation, Univ. California, Berkeley, CA, USA,
2016.

B. Li, “Global existence and decay estimates of solutions of a parabolic—
elliptic—parabolic system for ion transport networks,” Results Math.,
vol. 75, no. 2, p. 45, 2020.

B.-Z. Guo and L. Zhang, “Local null controllability for a chemo-
taxis system of parabolic—elliptic type,” Syst. Control Lett., vol. 65,
pp. 106-111, Mar. 2014.

H. Meinlschmidt, C. Meyer, and J. Rehberg, “Optimal control of
the thermistor problem in three spatial dimensions, part 1: Existence
of optimal solutions,” SIAM J. Control Optim., vol. 55, no. 5,
pp. 2876-2904, 2017.

E. Fernandez-Cara, J. Limaco, and S. B. de Menezes, ‘“Null controlla-
bility for a parabolic-elliptic coupled system,” Bull. Braz. Math. Soc.,
New Ser., vol. 44, pp. 285-308, Jun. 2013.

E. Hernidndez, C. Prieur, and E. Cerpa, “Boundary null controllability
of some parabolic-elliptic systems,” submitted for publication.

M. Kirstic and A. Smyshlyaev, Boundary Control of PDEs: A Course on
Backstepping Designs. Philadelphia, PA, USA: SIAM, 2008.

A. Alalabi and K. Morris, “Stabilization of a parabolic-elliptic system
via backstepping,” in Proc. 62nd IEEE Conf. Decision Control (CDC),
2023, pp. 2663-2668.

A. Alalabi and K. Morris, “Boundary control and observer design
via backstepping for a coupled parabolic-elliptic system,” 2023,
arXiv:2309.00093.

H. Parada, “Feedback stabilization of some unstable parabolic-elliptic
systems,” M.S. thesis, Departamento de Matemadtica, Universidad
Federico Santa Maria, Valparaiso, Chile, 2020.

H. Parada, E. Cerpa, and K. Morris, “Feedback control of an unstable
parabolic-elliptic system with input delay,” Preprint, 2024.

H. Parada and G. Arias, “Boundary stabilization of a class of coupled
reaction-diffusion system with one control,” Preprint, 2024.

R. Curtain, “Finite-dimensional compensator design for parabolic dis-
tributed systems with point sensors and boundary input,” IEEE Trans.
Autom. Control, vol. 27, no. 1, pp. 98-104, Feb. 1982.

L. Grine and T. Meurer, “Finite-dimensional output stabilization
for a class of linear distributed parameter systems—A small-gain
approach,” Syst. Control Lett., vol. 164, Jun. 2022, Art. no. 105237.
R. Katz and E. Fridman, “Constructive method for finite-dimensional
observer-based control of 1-D parabolic PDEs,” Automatica, vol. 122,
Dec. 2020, Art. no. 109285.

R. Katz and E. Fridman, “Delayed finite-dimensional observer-based
control of 1D parabolic PDEs via reduced-order LMIs,” Automatica,
vol. 142, Aug. 2022, Art. no. 110341.

H. Lhachemi and C. Prieur, “Finite-dimensional observer-based bound-
ary stabilization of reaction—diffusion equations with either a Dirichlet
or Neumann boundary measurement,” Automatica, vol. 135, Jan. 2022,
Art. no. 109955.

H. Lhachemi and R. Shorten, “Output feedback stabilization of an
ODE-reaction—diffusion PDE cascade with a long interconnection
delay,” Automatica, vol. 147, Jan. 2023, Art. no. 110704.

P. Wang and E. Fridman, “Delayed finite-dimensional observer-based
control of 2D linear parabolic PDEs,” Automatica, vol. 164, Jun. 2024,
Art. no. 111607.

I. A. Djebour, K. Ramdani, and J. Valein, “Observer-based feedback-
control for the stabilization of a class of parabolic systems,” J. Optim.
Theory Appl., vol. 202, no. 3, pp. 1217-1241, 2024.

H. Lhachemi, I. Munteanu, and C. Prieur, “Boundary output feed-
back stabilisation for 2-D and 3-D parabolic equations,” 2023,
arXiv:2302.12460.

H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential
Equations. New York, NY, USA: Springer, 2011.

1. Karafyllis, “Lyapunov-based boundary feedback design for parabolic
PDEs,” Int. J. Control, vol. 94, no. 5, pp. 1247-1260, 2021.

Y. Sakawa, “Feedback stabilization of linear diffusion systems,” SIAM
J. Control Optim., vol. 21, no. 5, pp. 667-676, 1983.

M. Tucsnak and G. Weiss, Observation and Control for Operator
Semigroups. Basel, Switzerland: Birkhduser Verlag, 2009.

A. Selivanov and E. Fridman, “Boundary observers for a
reaction-diffusion system under time-delayed and sampled-data
measurements,” [IEEE Trans. Autom. Control, vol. 64, no. 8,
pp. 3385-3390, Aug. 2019.

Authorized licensed use limited to: TEL AVIV UNIVERSITY. Downloaded on January 01,2025 at 09:34:42 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Helvetica-Condensed-Bold
    /Helvetica-LightOblique
    /HelveticaNeue-Bold
    /HelveticaNeue-BoldItalic
    /HelveticaNeue-Condensed
    /HelveticaNeue-CondensedObl
    /HelveticaNeue-Italic
    /HelveticaNeueLightcon-LightCond
    /HelveticaNeue-MediumCond
    /HelveticaNeue-MediumCondObl
    /HelveticaNeue-Roman
    /HelveticaNeue-ThinCond
    /Helvetica-Oblique
    /HelvetisADF-Bold
    /HelvetisADF-BoldItalic
    /HelvetisADFCd-Bold
    /HelvetisADFCd-BoldItalic
    /HelvetisADFCd-Italic
    /HelvetisADFCd-Regular
    /HelvetisADFEx-Bold
    /HelvetisADFEx-BoldItalic
    /HelvetisADFEx-Italic
    /HelvetisADFEx-Regular
    /HelvetisADF-Italic
    /HelvetisADF-Regular
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


