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ARTICLE INFO ABSTRACT

Recommended by T. Parisini We study decentralized derivative-dependent control of large-scale nth-order systems with input delays via

delayed feedback implementation. The unavailable derivatives can be approximated by finite differences

I]f:im; (?:gja:les stems giving rise to a time-delayed feedback. In the centralized case, an efficient simple linear matrix inequalities
Decgentralizezll control (LMIs)-based method for designing of such static output-feedback and its sampled-data implementation was
Input delay recently suggested. In the present paper, we extend this design to large-scale systems in the presence of input

delays and disturbed measurements. Under the assumption of the stabilizability of the system with small
enough input delays and small enough interactions by a state-feedback that depends on the output and its
derivatives, a delayed static output-feedback that stabilizes the system is presented by using the current and
past disturbed measurements. To compensate the errors due to the input delays, we add the appropriate terms
to the corresponding Lyapunov—Krasovskii functional that lead to LMIs conditions. The efficient bounds on the
delays preserving that the resulting system is input-to-state stable (ISS) are found by verifying the LMIs. In
addition, we employ the vector Lyapunov functional method that may allow larger couplings compared with
the existing method. Finally, the effectiveness of the proposed methods is illustrated by numerical examples.

Measurement disturbances
Delay-induced stability

1. Introduction where the derivative terms were expressed by finite differences with

remainders and the controller implementation was, for the first time,

During the past decades, much attention was paid to the control
law that depends on the system output and its derivatives for the
stabilization of linear systems. These derivatives are not available
but can be approximated by the finite-difference method. The latter
gives rise to a time-delayed feedback. The corresponding delay-induced
stability was checked by frequency-domain techniques (Kharitonov,
Niculescu, Moreno, & Michiels, 2005; Niculescu & Michiels, 2004;
Ramirez, Mondié, Garrido, & Sipahi, 2015; Ramirez, Sipahi, Mondié, &
Garrido, 2017), and complete Lyapunov-Krasovskii functionals (LKFs)
(Egorov, 2016; Gu, Chen, & Kharitonov, 2003; Kharitonov, 2012),
which presented necessary and sufficient conditions.

Simple LMIs for delay-induced stability were proposed in Fridman
and Shaikhet (2016, 2019) and then extended to the nth-order systems
in Fridman and Shaikhet (2017), Selivanov and Fridman (2018a). This
method allows for performance and robustness analysis as well as
stochastic perturbations (Zhang & Fridman, 2020). The key idea is
to represent the delayed measurement by Taylor’s expansion with a
remainder, and further to compensate the latter by corresponding term
in Lyapunov—Krasovskii functional. A remarkable improvement was
presented in Selivanov and Fridman (2018b) for the nth-order system,
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presented by using consecutive sampling measurements. It was then
extended to stochastic systems (Zhang & Fridman, 2020, 2022) and
applied to platooning control of vehicular systems (Zhang, Peng, & Xie,
2023). Note that the controllers in the aforementioned work are of the
centralized type.

In practical applications, e.g. power systems, communication net-
works, and aircraft engines (Guo, Hill, & Wang, 2000; Peng, Han,
& Yue, 2012), the plant has a high dimensionality, information con-
straints, and distributed structure (Zhang & Lin, 2014), which is usually
modeled as large-scale systems. In this case, centralized control may
be not applicable to large-scale systems. As an efficient and effective
way, decentralized control that uses locally available information of
the subsystems only has received considerable attention with many
important results (Baigzadehnoe, Rahmani, Khosravi, & Rezaie, 2020;
Borgers & Heemels, 2014; Freirich & Fridman, 2016; Zhu & Frid-
man, 2020a). It should be noted that the design of the observer-based
controller is very complicated (Liu, Xu, Xie, & Xiao, 2019; Yang &
Dubljevic, 2014; Zhu & Fridman, 2020b). Thus, a simple static output-
feedback is very attractive in the decentralized control of large-scale
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systems. In addition, input and output delays that may degrade the
performance of the closed-loop and even lead to instability are non-
negligible factors (Dolk, Borgers, & Heemels, 2016; Freirich & Fridman,
2016; Fridman & Shaked, 2005; Heemels, Borgers, van de Wouw,
Nesi¢, & Teel, 2013). Moreover, in practice the measurement may be
subject to unknown disturbances (Furtat, Fridman, & Fradkov, 2018;
Liu, Wang, Zhang, Lu, & Kang, 2020; Sanz, Garcia, & Albertos, 2016;
Xie, Tang, Song, Zhou, & Guo, 2018).

In this paper, we study decentralized derivative-dependent control
of large-scale nth-order systems with known, constant input delays
and bounded, (n — 1)-times continuously differentiable measurement
disturbances via delayed feedback implementation with disturbed mea-
surements. Under the assumption of the stabilizability of the system
with small enough input delays and interactions by a state-feedback
that depends on the output and its derivatives, a delayed static output-
feedback is presented using the current and past disturbed measure-
ments. The latter leads to a closed-loop system with additional errors
comparatively to that under the case of no input delay. To compensate
these errors, we add the appropriate terms to the corresponding LKFs
with efficient LMI conditions. In addition, inspired by Matrosov (1997)
and Nersesov and Haddad (2006) we employ the vector Lyapunov
functional method that may allow larger couplings compared with the
existing method (Freirich & Fridman, 2016; Zhu & Fridman, 2020b).
We suggest the sampled-data implementation by using consecutive
sampling noisy measurements. Besides, we prove that the derived
conditions are always feasible for small enough sampling period, input
delays, and interactions if the continuous-time derivative-dependent
feedback stabilizes the system. Finally, the effectiveness of the proposed
methods is illustrated by numerical examples.

Summarizing, we have extended the efficient method (i.e. time-
delay implementation of derivative-dependent feedback of Selivanov
and Fridman (2018b)) from centralized to decentralized control, where
we consider, for the first time, the measurements subject to the dis-
turbance in the implementation. A conference version of this paper
confined to the large-scale second-order systems without measurement
disturbances was presented in Zhang, Zhang, Fridman and Peng (2023).

Lemma 1 (Solomon & Fridman, 2013). Let p : [a,b] — [0,00) and
f : [a,b] > R" be such that the integration concerned is well-defined. Then
for any 0 < R € R"™", the following holds:

b b b b
/ p(s)fT(s)dsR / p(s)f(s)ds < / p(s)ds / p()fT()Rf(s)ds.

a a

Lemma 2 (Selivanov & Fridman, 2016). Let f la,b] —» R" be an
absolutely continuous function with a square integrable first order derivative
such that f(a) =0 or f(b) =0. Then

b 4b—ay b :
/ U fTSW f(s)ds < 100 ———— / P fTW f(s)ds
a 0 a
forany a e Rand 0 < W € R™",

Notations: R"” denotes the n dimensional Euclidean space with
Euclidean norm | - |, R™™ denotes the set of all nx m real matrices with
the induced matrix norm || - ||. Denote by diag{...} and col{...} block-
diagonal matrix and block-column vector, respectively. P > 0 implies
that P is a positive definite symmetric matrix. Define p << ¢ (p >> ¢),
where p = col{py,...,p,} and g = col{qy, ..., q,}, if p; < g; (p; > g;) for
alli=1,...,n

2. Continuous delayed decentralized control

Consider the large-scale system composed of M coupled plants P;
(j=1,..., M), whose dynamics has the following form

n—1 n—-1 M
. ) i) i
P W0 =Y A0+ But-rp+Y, Y Fpl 120, @
i=0 i=0 I=1,1#j
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where col{yj(t),...,y;"_”(t)} € R"™ and u;(n € RY are the jth

subsystem state and control input, A; € R and B, € R

are constant matrices, and F;; € Rk are the interactions between
plants P; and 7,. Without loss of generality, we assume F;; = 0 for
i =0,...,n—1. The control input u,(¢) is subject to a constant and known
input delay r; > 0.

Denoting
x;(1) = col{x; (1), -+ X(uopy; (D} = col{y; (1), ..., ")) € R™s,
o I 0 .. 0
o o I .. 0
A=l L e R,
0 0 0 .. I
Agj Ay Ay Apey
B, =col{0,B;) e R"™™I,  F =col{0, F,;} € R,
Fyj = [Fijor s Fijuon)| € RS, 2

system (1) is expressed by

M
(0= A0+ Bt —r)+ Y Fyx@, j=1,...,M,
1=1,1#j

t>0. (3)

Assume that (4;, B ) is stabilizable. Then there exist the controller

gains K;; € R¥P<Ki (i=0,...,n—1) such that
D;=A;+BK;. K;=|[Ky.....Ku1)] C))

is Hurwitz, i.e., subsystem (3) with small enough r; > 0 and | Fj||,
where [ # j, is stabilized by the state-feedback

n—1
() = Kyx;(0) = ) Kyyx,;(0). (5)
i=0
The closed-loop subsystem (3), (5) with r ;=0 takes the form
M
X0 =Dpx 0+ Y, Fyx®, j=1,....M, t>0 (6
I=1I#j

with D; given by (4).

Note that when only the measurement x, (1) =y;(t)is available, sim-
ilar to Fridman and Shaikhet (2016), Selivanov and Fridman (2018b)
and Zhang and Fridman (2020) one can employ its current and past
values via the finite-difference method to approximate the derivatives
x;;®) (i =1,...,n—1)in (5):

X, (1) = x0;(),
X1y, (1) = Xy, (t = hy)

h;

X0 & %) =
1 i
A

j m=0

(;) (=1)"%;(t = mh)), %)

where /; > 0 is a constant delay and () = — (iiim)! is the binomial
coefficient. Thus, if x;;(®) in (5) is replaced by x;;(1) in (7), one can
obtain

n—1

n—1
w() =Y K%, =Y Kyxo;(t —ih)), ®)
i=0 i=0

where x0;() = x0;(0) for t < 0 and

n—1
i m\ 1 - .
Kllz(—l)lz<l>h—ml<mj, i=0,...
J

m=i

,n—1. )

It should be pointed out that the feedback (8) with controller gains
(9) is an ideal one since it depends on the accurate measurements Xoj-
However, in the practical engineering e.g. power systems (Liu et al.,
2020) and permanent magnet synchronous motor servo systems (Xie
et al., 2018), the measurements are subject to unknown measurement
disturbances, i.e.

Xo;(0) = x() + 0, (1), j=1,..., M, (10)



J. Zhang et al.

where @ (1) is an unknown disturbance. As in Furtat et al. (2018), Sanz
et al. (2016), we assume the following:

Assumption 1. The unknown disturbances w;(t) (j = 1,..., M) are
(n — 1)-times continuously differentiable and are uniformly bounded
together with their derivatives, i.e. Iwy)(l)l < @; (i =0,...,n—1) for
all r > 0.

Our objective in this paper is to take into account measurement dis-
turbances in the delayed implementation of the derivative-dependent
controller to achieve ISS of the closed-loop subsystems. Considering the
unknown disturbances, we present the following approximations:

x()j(t) ~ f(()j(t) = 55()]'([)’

s ')Ac(i—l)'(t)_)%(,'_l)'(t—h)
x;; (1) = %;(0) = J ", Jj J
- f: 25 <,ln> (=1)"Ry (0 = mhy). an
j m=

where X () is defined in (10). By replacing x; () in (5) with &; 0] given
by (11), we have the following delay-dependent feedback

n—1 n—1

wi() =Y K%)=y K%t —ih)), (12)
i=0 i=0

where Xo; () = X(;(0) for t < 0 and K;; (i=0,...,n—1) are given by (9).
Remark 1. Note that the advantage of the static output-feedback
(12) which uses delayed measurements is its simplicity in the design
and implementation compared to the observer-based design. However,
these delayed feedbacks are robust with respect to small input delays
(that are smaller than the feedback delays) (Fridman & Shaikhet, 2016)
and to small and smooth disturbances. For larger input delays this
design is not applicable.

Then the closed-loop subsystem (3), (12) has the following form
n—1 M
(0 = A0+ ) BiK =)+ Y Fux(),
i=0 I=LI#j
j=1,...,.M, t>0. 13)

Inspired by Selivanov and Fridman (2018b), we present now a
transformation without any approximations for system (13). Using (7),
(10) and (11), we first present the terms %;(t=r;))(i=0,....,n—1) as
Ro;(t = 1) =x0;(t = r;) + vt — 1))

t
=x0j(t)—/ xy;(s)ds + vyt —r;),
t—r/

R —r)=%;0—r)+v;t—r)

‘
:Xij(t)—/r fcl-j(s)ds+v,-j(t—rj), i=1,....,n—1, 14
-

where v, (1) = w;(r) and
Y@= h' /t h; /

Under Assumption 1, we have

/ (')(s yds;...ds,, i=1,...,n—1. (15)
s, 1= h

i—l

|v,j(t)|<a) tz(n—l)hj, i=0,....,.n—1, j=1,....M. ae)

ij>

Moreover, the error between ¥;;(#) and x;;() is expressed by Selivanov
and Fridman (2018b)
t
)’c,-j(t)=x,-j(t)—/ @it —8)X;;(s)ds, i=1,....n-1, a7
t—ih

J
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where ¢;(v) = —U,ue[O,h]andforz_l n-2
!

v @ij(A) v
Jo ;' di+t 0 v € [0,h],

) :
Py =1 Juln, T dA. v E(h),ihy), as)

A ""f(’”d/l v € [ih,,ih; + h;].
Let
ih;
¢ij(/1)=/ @;;()dv,  y;;(v) = - v € [0,ih;],
A

con—1. 19

d
E(pij(v),

The functions @;;(v) (i = 1,...,n— 1) have the following properties (Se-
livanov & Fridman, 2018b; Zhang & Fridman, 2020)

OS(P,‘]‘(U)SL (pij(()):l, (Pij(ihj)=0

1
V/ij(U) € [0, h—j],
From (17) and (20) it follows that

ih;
6O = =" v €[0,ih;]. (20)

'
X;5(0) =/ vt = 9)%;;()ds, i=1,...,n—1 21)
i=ih;

Based on (17) and (21), we have

t
Xij(t =rp) = x;(0) = /Hh @it = $)%;;(s)ds

t N
—/ / v;i(s — G)X,-j(e)des, i=1,....,n—1. (22)
t=r; Js—ih;

Finally, denoting

t
P,’j(l)=_/ | (pij(t_s)xij(s)ds! Koj(l)=_/
t—ih;

t
xy;(s)ds,

t=r;

t N
K,.j(r)z—/ / wiyls = 0)xyO)dods, i=1.....n-1 (23)
t=rj Js—ih;

and employing (14), system (13) can be rewritten as

x;() = Dyx (1) + B Ko (k0;(t) + v, (t = ;)

n—1 M

+ ) BiK, (o) + k(0 + vt =)+ D Fyx o), (24)

i=1 I=11%)
where D; is defined by (4). Clearly, compared to system (6), system
(24) involves the additional errors p; s Kij (that are dependent of h;
or r;) and the disturbances v;; due to the approximation (11) via the
flmte difference method. If h and r; grow, these errors will ruin the
system stability. To handle these errors, in the stability analysis we
add appropriate terms to the corresponding LKFs. Thus, we choose the
following Lyapunov functional for t > (n — Dh; +r;:

n—1

Vi) = Vo 0+ Vey 0+ X (V,, 0+ Vi 0+ 7, ). (25)
i=1

where
Vo (0 = x] (0 P;x; (1),

t
Vl,’j(t)=2ihj /t . e‘z"f("’)aﬁij(t—s)x,.Tj(s)R,.jx,.j(s)ds,
—i

j

t
Ve, =1 / e 290 (s — 14 r)x] (9)Qg;x1()ds,

_ ir/ —201 (t—s) T
Ve, ® = h—J/ / s =t 4 1% (0)Q;;%;;(8)dd s,
5 ir?
Ve, 0= h—’ / e 20(=0=1h) g _ ¢ + ih, )xT(e)Q, %,;(0)do (26)
j Ji=in;

with nk; x nk; matrix P > 0 and k; X k; > 0 matrices Qy; > 0, R;; > 0
and Q;;>0,i=1,...,n— 1. Note that the terms Vp,-,-(t) (i=1,....,n—=1)
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borrowed from Selivanov and Fridman (2018b) compensate p;;(1), the
terms VKu () (i =0,...,n—1) compensate k;;(t) whereas the terms‘ 17,(” )
(i=1,...,n—1) are suggested to cancel the positive term from VK’,(t).

Based on the Lyapunov functional V;(#) defined in (25), we derive
the following sufficient delay-dependent conditions that allow to find
the upper bounds on #; and r; ensuring the stability.

Theorem 1. Let Assumption 1 hold. Given gains K, ; (=0,...,n=1),
let the derivative-dependent feedback (5) exponentially stabilize subsystem
(3), where r;=0 and F;=0(#)), with a decay rate a; > 0.

(i) Given tuning parameters 6 > 0, r;p>0,h;>0 a;,>0 and By >0

(,1=1,...,M, | # j) such that the following Metzler matrix
—ay Py - P

Mm=|P2 @ o P @7)
by P - oy

is Hurwitz, let there exist nk, x nk; matrix P, > 0 (I = 1,..., M), k; X k;
matrices Qy; >0, R;; >0, Q;; >0 =1,....,n—1), MXM matrix P > 0,
and scalars y;; > 0 (i =0, n—1), I > 0 that satisfy

2PMA+2MIP +45P P

" _r I] <0, (28)

®; <0, j=1,...M, 29

where @; is the symmetric matrix composed of

n-2
Jo_ T -2 2
@) = P,D;+ D P, +2a;P, + > H! QOIH1+Z PHL (R,

2 2ajih _ _ ‘
Hrjett! ’Qu) e @ =@, = PBIK K]
Jo_ jo_ i _ T T
(D|3_PijK0j’ (D]S_r0W1=1,4..,M,1,4.j{PjF1j}’ (Dl —D.H Aj,
j 55 - j . —Da;ih
@ = P;Bj[Kyj. ... Ky, @}, = —diag{4e™ "V R;; }1 B

o =0l =[K. ...

¢f _KTBTHT A,
n—1°"J

Ry \TBJ HY | Aj, @) = —e74710y;,
@i4=—d1ag{e_2“/ Q). @b =-4,,

s j
w2 (26 P ), ‘1’§7—TOW11 M/%,{F HT A}

(Dgs = —diag,_|
- _ r L _
@) = [Roj. ... Ry )T BT HT Ay @) = ~diag{2 1)) 30)

and other blocks are zero matrices. Here D ; is given by (4) and

= (=1 (hfz'R(n—w + 7t l)h’Qm—m) ’

H; =[Ot Lis Opsen—i—nyiels  i=1,....n—1. (€3]

Then solution of subsystem (3) under the delay-dependent feedback (12)
with controller gains (9) satisfies for t > (n — Dh +F

Amax {P} - 2
2P NI < e~ 48=(n=Dh=7) max | DR+ F
in (P Hx; O <e T (P] |z((n = Dh + 7|
+ (1 = g 43U=(=Dh=P) r?
46 AniniP}
M n-1
x Y 2yl = Dh+F=rp e =127 (32)
j=1 i=0

where z((n—1)h+F) 2> V((n—Dh+F) = [Vi(n=Dh+7), ...,
with V; defined in (25), Vo, (1) = @; (1) and v;; (j = 1,...
by (15), and

Vy(n=Dh+7T
,n— 1) are given

;l=j:I|I,l_a,‘§M{hj}’ F= max {r;}. (33)

Moreover, from (16), given A = Zj‘i | (Z:’ o 1L ) the ellipsoid

_rva

Hx O £ ———=——)
24/6Anin{ P}

Yoo = {x; ER™I 2 A (P, (34
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is exponentially attractive with a delay rate § for all x(t,) € R and (n—
1)-times continuously differentiable and uniformly bounded w;(t) together
with their derivatives, i.e. |w§.i)(t)| <@; (i=0,...,n—1) forall t > 0.

(i) Given any a; € (0,@) and By >00=1,....M, 1 # j) such
that the Metzler matrix M defined by (27) is Hurwitz, LMIs of item (i) are
always feasible for small enough r; > 0, h; > 0, ||[F;|l (I # j), 7, ‘.1 >0
(i=1,....,n=1), I'"''>0and 6 > 0.

Proof. (i) Differentiating V;(#) given by (25) along the closed-loop
subsystem (24), we have

Vo, (1) = 2x]T(r)Pj [D;x; (1) + B; Ky;(k0; (1) + v, (t = r}))

n—1 M

+ 2 BK (0 (0 + (0 + vt =)+ Y Fyxy(0], (35)

i=1 1=1,1#)
V,, 0 +2a;V, (1) = (ih V5L (OR%;(D)

t
—2ih; [ ) e‘z"f("”(p,-j(t—s)xiTj(s)Rijx,.j(s)ds, (36)
—i

J

oy D+ 20,V (1) = Fx],(0Qg;x1 (1)

t

—r / e729(t=9) X1 ,(9)Qg;x1;()ds, 37)
t—r/

ir?

13

. _ T .

Ve, (0 +20;V, () = —= /Hh. X1(0)0,;%,(0)d0
J

h;

ir, [? s
- e 2=95T(9)0, %;,(0)d0d s
Ry Jier, Jomin, AR

- 0)x],(0)0;;%;;(0)d6ds, (38)

and

Vi, 0420V, (1) = (i)™ 5T (00,5, (1)

_ _/ —2a/(r —0— th) T(Q)QU 11(9)(1'9

ir2 t
< Gir P00, 5,0 - - / i0(0)0,%,,(0)do. (39
] t—ih;
Based on Jensen’s inequality (see (3.87) in Fridman (2014)) and its
extended version (Lemma 1), we have

'
2”’1,"/’ " @t — S)x,-Tj(S)Rinfj(S)dS > 4p,?;'(t)Rijpij(t)y (40)
i ]

J

t
7 / XL ()00, (8)ds > KL ()00 K0;(1). @1

J

ih;r; / / v 2 (s —0)xT(€)Q %;;(0)dods > Kg(t)Q,.jKU(z). (42)

From (35)—(42), we find

M n—1
Vi) +2a, V(0 =2 Y, Biyx] (OPx(0) = Y v v =P
I=1,1#j i=0
<G OB,50) + %,y (DA Xy 0, 43)

where @ g is obtained from @ . (composed of (30)) by taking away the
last block-column and block-row, A j is given by (31), and
gj(t) = COl{Kfj(I), Vj(t)}7 Ej(t) = COl{xj(t)7 ﬁ/(t), Ej(t), X/(t)}

ﬁj(l) = CO];‘:],,,,J,_1 {P,‘j(t)}, ’_(j(l) = 001i=0,,,,,n_1{’(,‘j(1)},
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X =coljy  puzi{x @}, V;(0) =colizg -1 {v;;(t —rp}. (44)

Substituting %,_;);(f) = H,_x;(t) into (43), where x;(r) and H,_,
are, respectively, defined in (24) and (31) and then applying Schur
complement lead to
M
Vi) +2a;V;(1) < Z 2%, (OP,x,(1)
I=11#j

n—1

2
+ Z 7;2/|Vij(t - rj)|

< Z ZﬂUV,(t)+Zyj|vl-j(t—rj)|2, t>(n=Dh;+r;.

I=LI#j

Then the following holds for all j=1,...,M and t > (n— Dh + 7

n—1
V(1) < =2a,V(0) + Z M AGES Zy,]w,,(r -l (45)
I=11#)
where 7 and 7 are defined in (33).
Define a vector LKF V (¢) = col{V; (), ...
that

, V(). From (45), it follows

V() <2MV (1) + col; t2(n=Dh+F

n—1
=1,..., M{z }’,~2j|‘/ij(t - "j)|2}a
i=0
with Metzler and Hurwitz M defined by (27). Following arguments
of Theorem 3.2 in Nersesov and Haddad (2006), we find that given
the same col;_; M{Z_0 yul"l!(t r-)|2} and any initial conditions
z((n — Dh + 7) € RM satisfying z((n — Dh + 7) >> V((n — Dh + 7),
we have V(f) << z(t) for t > (n — 1)h + 7, where z(¢) is a solution to
£(t) = 2Mz(0) + o,y A i) v2 1yt = rpIP). Thus, V(1) < z,(1) for
j=1,...,M, where z; is the jth component of z. Since z;(t) < |z(0)|
holds for all j = 1,..., M, we obtain

vy <lzol, j=1,....,M, t2@n-Dh+F (46)

We next present the upper bound on |z(r)|, where z(¢) is a solution
to z(t) = 2Mz(t) + colj=lMM{Z['.’:_o1 szj"’ij(’ - rj)|2}. Define a Lyapunov
function V(t) = z(t)T Pz(t), where P > 0 and ¢t > (n — 1)h + 7. Then we
have for t > (n— )h +F

2

n—1
V() +46V(t) = T2 ol oy a{ Y v lviy e = rpIP)
i=0

2PM+2MTP +46P P
=¢T@) [ 3 ) 1] c(H) <0,

where
z(1)
0= [col,-l,.,.,M{z?;J 721Vt = r,-)ﬁ]
Thus
V() < e 40==Dh=PY((y — 1) + F)

t
4 / o—480-5) 2
(n—=1)h+F

< e H==DR-P Yy Z 1) 4 F)+ (1 — e—45(r—(n—l)7z—?))§_5

2

col_y M{Zy v (s = rpl?)

M n-1
XZ(ZVU||V,,[(VI—1)h+r—r t=rlI%)%
j=1 i=0
Since A (PHzO? < V() < A (P}2()|%, we have for all r >
(n—Dh+F
Ain{ PY 2 < e ¥C—0=DR=D 3 (P |z((n = DR+ )
M n-1
+(1— o 4(t—(n— h— r)) Z(Z J/U”V T(n - 1)71+f_ rj’t_rj]”i)2~
Jj=1 i=0

(47)

European Journal of Control 79 (2024) 101079

Taking into account A, {P;}|x;(®]* < X[ Pix; < V(1) < |20, we find
that solution of the closed-loop subsystem (1), (12) satisfies (32).

(ii) If (5) exponentially stabilizes (3), where rp =0 and F; =0
(I # j), with a decay rate a; >0, then for any a; € (0,a;) there exists
0 < P, € R™>™; such that

T
P,Dj+ D P; +2a;P; <0. (48)

We choose R;; = I Q=0 =

complement, tD < 0 is equivalent to

I and Fy; = g1 (I # j). By Schur

P,D; + D] P, +2a;P; + O(r; I) + O(h; T)
+0G2D + 2 by —pT P <. 49)
I=1,1#j
Inequality (48) implies (49) for small enough r;>0,h; >0, p; >0
(i.e. || F; ) and y—l >0(i=0,...,n—1) since O(rj1>+0(hj1)+0(y,;21)+
Z[A;I”,J_, ﬂ;’PTP le - 0forr; - 0, h; - 0, f; — 0 and y,.;l -0
(i =0,...,n—1). Then, applying Schur complement to the last block-
column and block-row of @; composed of (30), we find that ®; < 0
for small enough r; > 0 and h; > 0 if (13j < 0 is feasible. Moreover,
the second inequality of (29) is always feasible for small enough 6 > 0
and I'"! > 0. Therefore, LMIs of item (i) are always feasible for small
enough r; > 0, h; > 0, ||F;|l ( # J), yi;l >03G(=0,....,n=1), I 1'>0
and 6 > 0. This completes the proof. []

Remark 2. Note that to deal with the coupling term Z,}Z 1z F1jx1 ),
in stability analysis we subtract the term 2 ZI’Z Lz P jx[T(t)P,x,(t) from
V (#) + 2a;V;(1), see (43). Moreover, in the present paper we suggested
51mple Lyapunov functionals leading to efficient results and we ex-
pect that in the future the results may be improved e.g. by using
advanced Lyapunov-based methods (for example, by using augmented
Lyapunov functionals with appropriate integral inequalities (Fridman,
2014; Seuret & Gouaisbaut, 2013)).

Remark 3. If one applies the existing method (Freirich & Fridman,
2016; Zhu & Fridman, 2020b), i.e. defining V (1) = ZJ.AL V;(1), from (45)
we obtain

n—

M 1
ﬂ,,>V<z)+Z vilvy = rpl?
1,I#j j=1i=0
1

n—
i=l

. M
Vi <- 2e -

=1

Z vElv e =),

1=
M
<=2V + Y,
Jj=1

@ = 212 14y B |- Then if @, < 0 in (29) holds,
the closed-loop system is ISS provided § > 0, i.e. a; — Z;\;’ 1z B > 0
for j =1,..., M. Thus, the latter restrictive condition is avoided in this
paper since we introduced the Metzler and Hurwitz M defined by (27).
Using (27), one may choose larger f;, that allows larger coupling than
the existing method (Freirich & Fridman, 2016; Zhu & Fridman, 2020b)
(see Example 2 below).

where § = min;_;

Remark 4. To select the tuning parameters of matrix M given by (27)
as well as /; and r;, we suggest the following algorithm: choose K; via
pole-placement such that the state-feedback (5) exponentially stabilizes
(3), where r; =0 and F;; = 0 (I # j), with a decay rate @; > 0. By solving
LMIs @; < 0 with small enough h; >0,r; >0 and ﬂ,}l (I # j), we find
critical maximal values of «; as a;‘ < &;. Next, by choosing «; € (0, a;.‘],
we decrease each f;; until that matrix M is Hurwitz while ensuring the
feasibility of LMIs @; < 0. Thus, we can obtain critical maximal values
of §; as ﬂ;; For f; that are slightly smaller than [3,*/., we can obtain
critical maximal values of h; and r; as h? and s respectively, such

J
that for h; > hj and r; > r;f LMIs @; < 0 become unfeasible.
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3. Sampled-data delayed control

In this section, we consider sampled-data implementation for the
delay-dependent feedback (12), which is more practical. We assume
that the noisy measurements ioj'(si) are available only at discrete
sampling instants s{; = kh;, where h; > 0 is a sampling period and
k € Ny. The derivative-dependent controller (12) is approximated by
the sampled-data delayed controller

n—1 n—1

wi() =Y Ky%,(s0) = Y KyXo(si_), t€ls,s), ), keN, (50
i=0 i=0

where x;(t) = xp;(0) for + < 0 and K;; is given by (9). Note

that the feedback (50) depends only on n dlscrete time measurements
xOJ(Sk ; +1) , X /(s ), which is easy to 1mp1ement One may store in
the buffer » — 1 measurements %, /(s 1) -0 X0 J(s )

Assume also that Assumption 1 holds. Considering the input delay
s the sampled-data delayed controller (50) can be rewritten as

n—1 n—1
= X Kty = X Kiyfoy(s_). 1 €ls,+rpsp, +r). (51)
i=0 i=0

For ¢t € [s +r
measurements as

k 4 tr) with k& > n—1, we present the sampled

JACOj(S{C) = xoj(sf() + VOj(s{()

t N
xoj(t) —/j xlj(s)ds + VOj(S:()’

Sk
fc,vj(sfc) = )'cij(si) + vij(si)

! .
= xij(t) _[/ j(ij(s)ds + Vij(s{{)

"k

! s
= x;;(n) — /t . @;;(t = $)%;;(s)ds + vij(sfc)
—ih;

t N
—// wi(s — 0)%,;(0)d0ds, i=1,..n—1. (52)
si s—ihj

Then using (51) and (52), the closed-loop system (3), (50) takes the
form

) n—1
%(8) = Dyx (1) + B; Koy (80,(8) + vo; (s)) + ). B; K, (py (1)

i=1

M
+o,0 v+ Y, Fyx(0), € lsy 4,5, +r), (53)
I=LI#j
where
t
60j(t)=—//xlj(s)ds,
Sk
t s
5,,(:):—/_/ wi(s = 0)x;;(0)dods, i=1,...n—1 (54)
:{( sfihj

with D ; and p; 70) given by (4) and (23), respectively.

Theorem 2. Let Assumption 1 hold. Given gains K, ;i =0,...,n=1),
let the derivative-dependent feedback (5) exponentially stabilize subsystem
(3), where r;=0 and F;=0(#)), with a decay rate a; > 0.

(i) Given tuning parameters 6 > 0, ry>0,h;>0,a >0 and By >0
(.l =1,....,M, | # j) such that the Metzler matrix M defined by (27)
is Hurwitz, let there exist nk, x nk; matrix P, > 0 (I = 1,..., M), k; X k;
matrices R;; >0, Q;; >0, W;; >0 =0,...,n—1), M XM matrix P > 0,
and scalars v >03G=0 n—1), I > 0 that satisfy (28) and

j=1L....M, (55)
where =; is the symmetric matrix composed of

=i _ T T2 2
=T P/D/'+Dj Pj+2a1’Pj +H1 (er0j+thV0/)H1
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n=2
+Z:12 i+ (h2 R +e2”'h!W)+r2e2“"’lQi1)H,.+,,

= — = — i = —
‘_‘12_'—18_Pij[Klj""7K(n—])j]7 Sl =TOWy AP E L

= _ pRIR - = _pRR =l = TT
“16_PJB!'[K‘)/"""K("*U/']’ “17_P'B'K0j’ = D Hn ]AJ’
= _ Iy —2a;ih -1 2= _e2 ﬂ'-Zh)
=y, = —diag{e™ "R, YT, 3 =—e010Q, - s Wo,
=J =J - =) x? —2a;(hj+r;)
Ely =5 =K K" B H A;. E| = ze¢ I Ways
: 22

544 — —dlag{e’Z“J'JQ o _e—Za/(h *’/)W }I '

2
=i T 2a;(h+r)) T .
ST € oyt (Wi oo s Woon 1 = —diag,_y 2126, P ).
= — = —[KR %
Ehy = 10wy s L H, A Y, g = 1Koy, Koo)' BYHL A,

2

_ 2 = _ _ T 2a;(hj+r)) ~/_ T pT T 1

diag{y; 1}1 0 =T ¢ ST W, KB H, 1A
;/__71' =20 (1)) = — _ 1
Sw="7 Ddiag{W;; }, L S =4 (56)

and other blocks are zero matrices. Here D ; is given by (4) and

/Tj =mn-1)> (hf (R(,,_l)j + 24 (=D Wity ) + r2e2"/(" Dh; o 1)])
(57)

Then solution of subsystem (3) under the sampled-data delayed feedback
(50) with controller gains (9) satisfies (32), where the jth component of
the initial condition z((n — Dh + F) € RM is larger than V;((n — Dh + F)
defined in (66) below fé)r all j = 1,..., M. Moreover, from (16), given
A= Zj . (Z o Vi@ ,2,> the ellipsoid (34) is exponentially attractive with a
delay rate & for all x;(ty) € R and (n—1)-times continuously differentiable
and uniformly bounded w;(t) together with their derivatives, i.e. |w5.i)(t)| <
@; (i=0 .,n=1)forallt>0.

(ii) Given any a; € (0,@) and B >0 a= ..M, | # j) such
that the Metzler matrix M defined by (27) is Hurwitz, LMIs of item (i) are
always feasible for small enough r; > 0, h; > 0, ||[F;|l (I # j), 7, 1590

J lj
(i=1,...,n=1), I'"'>0and 6 > 0.

Proof. (i) Choose ¥, ; () given by (26). Differentiating ¥, ;i (0 along the
closed-loop subsystem (53) we have

Voj(t) = 2x]T(t)Pj [D;x;@) + Bjkoj(éoj(t) + vOj(si))

n—1 M
+ " BK (o, () + 5,0+ vs) + Y Fyx)l. (58)
i=1 I=1,1#j

We use the term V‘,U (7) given by (26) to compensate p;;(#) in (58). To
compensate d; in (58), we employ

t
V,;Oj(z):h]? /, o~ 2aj(1=9) T(s)VVO/x] j(9)ds
s
k
”2 r—r/
_Te—zaﬂl/ /l e—2a/<’-3>5oTj(s)WOjaoj(s)ds,
s
k
0 < Wy, € RN,

te[s +r/, k+1

+7)). (59)

Note that the term V50j (1) in (59) can be represented as a sum of the

continuous in time term hjz. fti 729, T X[ (Wy;x1;(s)ds 2 0 with the
l

discontinuous one

I‘
V%j(z)=hj. /j eIl ()Woyxi(s)ds
5

“k
22 own, [ oaes)sT
-y //;f 25T (5)Wy; 80, (s)d s
that will vanishes at r = si +r;, k € Ny. Since Soj(t) = —x;(®) and
80;(s3) = 0, Lemma 2 implies 1750j () > 0. We obtain

Vay, (D +2a; V5 (1) = x| (OWo;x;(0)

2
T 2a;(h4r) 5T
L o205 !”/)ﬁw(t—rj)Wojﬁoj(t—rj)
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2. T
= hjxlj(t)I/VO/-xU(t)

2
= e 60,(0) = 0y () Woy (B (1) = gy 1), (60)

where we used the relation

f—r/ t t
50j(t—rj):—/_ x]j(s)ds:—/‘ xy;(s)ds— —/ xy;(s)ds |.
si s{( t—rj

=60, (1) =k (1)

For the term §;;(#) in (58), we consider

t N
Vs, ()= / 2= / 1(0)dow, / xu(0)d¢9ds
! s s—i

k
2 t—=r;
_”Te—Zajh/ / /efzaj(r—s)(gzj"_(s)u/ijﬁij(s)ds’
Sj
k
0< W, eRb™, i=1,.. +r)). (61)

-1, tE[s +r

k+1
Similarly, the term V5 (1) in (61) can be represented as a sum of the con-

o2
tinuous in time term / (1= S)/ in, xT(O)de /s in, %;;(0)d0ds >
0 with the dlscontmuous 'one

1—i r s
175,J(r): /, o249 / x1(0)dOW; / %,;(0)d0ds
5 s—i

k

2 1=r;
— L e2hy e 2095 (W5, (s)d s
4 J i

Y—I‘/ s s
> 12 / o205 =5) / (s — KT (O)dOW, / wi;(s — 0)%,,(0)d0d s
5 s—r'h, S—lhl

2 t-r;
e _ —
— L o2aihy e 2 S)ET(S)I/Vil-éil-(S)dS
4 sl y

that will vanishes gt t = si +r;, k € Ny. Since Sij(t) = —/tt_ihj vt =
0)%;;(0)d6 and 6;,(s;) = 0, Lemma 2 implies l7b (t) > 0. We obtain

t
Vs, (0 +2a,V;, (1) = / i1 (O)doW, / x,j(H)dQ
t—ih

2
T2 DT (1 — W6, 1)), (62)

To compensate the term ft in, xT(B)dH ft in, %;;(6)d6 in the above
expression, we additionally con51der (Sehvanov & Fridman, 2018b)

t
175”(:) =ih je%'ﬂhj / e 24500 — ¢ 4 ih, )xT(a) W, %;,(0)d0,
’ 1—ih;
i=1,....,n—1. (63)

Thus,
Vs, (0 +2a;V5 (1) = (i, X (W, 5,(0)
— ih;e*ih / t 20T (O)W, %,,(0)d0
t—ih;
< (i xliow,x; 0 - / t x1(0)dow, / x,;(0)do, (64)
—ih;
where we used Jensen’s inequallty (see (3.87) in Frldman (2014))

t
ih; / EAQ
t—ih;

Taking into account the followmg

1-r s
_ / ' / W, (s — 0)%,,(0)d0ds
s s—ih
k i
t s t s
—/ / W, (s — 0)x,;(0)d0ds — —/ / (s — 0)x,;(0)d0dss
xf{ s—ih; t—r; Js—ih;

=6;(0) =x;;(0)

t
W,;%;,(0)do > / x(0)dowW, / x,](G)dG

and using (62), (64), we have
Vs, (0 +2a; V5 (t)+V5 (1) +2a;V; (1) < (ih )2t i (W 5 (1)
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2
- ”Te*2af<hj+r/)(5,. (1) = Kk ()T Wi (6,50 — Ky (1) (65)

Moreover, we use the terms V’fu' ® (i =0,...,n—1) given by (26) to
compensate k; j(t).
We now consider the following Lyapunov functional:
n—1

V0 =V,0+ Ve 0+ X (Vs 0+ 75,0), 66)
i=1

where V;(1), V% 1), V5 (t) and V5 (¢) are, respectively, from (25), (59),
(61) and (63). From (36) (42), (58) (60) and (65), we find

M n—1
2 ~ 22
Vi +2a, V00 =2 3 By OPx, (0 = Y v lvi(s))l
I=1,1#j i=0
<gT(t)_ ¢ (t)+x(n l)]ij(,, 1o 67)

where £ ; is obtained from Z; (composed of (56)) by taking away the
last block-column and block-row, A j is given by (57), and

&;(1) = col{£;(1). vo;(s)). ... By (D}

with £;(t) defined in (44). Substituting X,_;);(t) = H,_;%;(r) with x;(t)
satisfying (53) into (67) and then applying Schur’s complement lead
to (45) with V;() and ¥, changed by V;() and V(:), respectively.
Then following arguments of Theorem 1, one can find the ISS of the
subsystem with an ellipsoid given by (34) is ensured provided LMIs in
(55) holds.

(ii) The proof is similar to the proof of Theorem 1(ii). []

> V(n_1)j(52)s 50/'(1)’

4. Examples

Example 1 (M =1). Consider (1) with

Ay =0, i=0,12 B =L (68)

Under the continuous state-feedback (5), as in Selivanov and Fridman
(2018b) we choose the controller gains

Ky =-2x107%, K, =-0.06, K, =-0.342. (69)

By solving LMIs of Theorem 1 with «; = 0 and different values of input
delays r;, we find the solutions that guarantee the stability of system
(1), (5), (68), (69): r, =0, hy = 2.529; r; = 0.01, h, = 2.509. Clearly, in
the case of r| = 0 our conditions lead to the same result as Selivanov
and Fridman (2018b). Note that the case of r; # 0 was not considered
in Selivanov and Fridman (2018b).

Example 2 (M = 2). Consider two coupled inverted pendulums on two
carts (Freirich & Fridman, 2016; Heemels et al., 2013) described by (1)
with

29156 —0.0005 i
0 = [—1.6663 0.0002 ] o Ay =HAp =00 B =6;F
—00042] _ o011 005
B = [0.0167 ] j=L2 F= [—0.03 —0.02] 70

and choose as in Freirich and Fridman (2016), Heemels et al. (2013)
the controller gains

[Ky Ky 1=[1139
[29241

573.96 7196.2
2875.3 18135

1199.0] ,

Ky, Kppl= 3693.9] . (71)

It is clear that with the above gains, matrix D ; defined by (4) is
Hurwitz. Therefore, the derivative-dependent feedback (5) with these
gains from (71) stabilizes system (1), (70) for small enough r ;>0 and
| F;;ll, where F; is defined in (2).

Let a; = 0.5, a, =05, y;, =0.1, ry =r, =0, h; =0.02 and h, = 0.12.
We now make a comparison between the vector Lyapunov method and
the existing method (Freirich & Fridman, 2016; Zhu & Fridman, 2020b):
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Fig. 1. State trajectories of system (1), (70), where r, = r, = 0.01, under the delay-dependent feedback (12), (71) (left) and the sampled-data controller (50), (71) (right).

(i) First, we find results via the method of Freirich and Fridman
(2016), Zhu and Fridman (2020b) as explained in Remark 3.
From Remark 3 it follows that y,, should be less than 0.5, where
in this example we choose y,; = 0.49 leading to the system decay
rate 2 X min{0.5 — 0.49,0.5 — 0.1} = 0.02. We then verify (29) to
find the maximum values 9, = 6.01, 9, = 1.01 preserving the
exponential stability (thus, ISS) of system (1), (5), (70), (71) with
decay rate 0.02.

(i)

Second, we find results via the vector Lyapunov method. From

(27) it follows that ,; should be less than 2.5, where in this
example we choose f§,; = 2.35. We then verify (28), (29) with
6 = 0.03 to find the maximum values §; = 878, 9, = 1.5
preserving the exponential stability (thus, ISS) of system (1), (5),
(70), (71) with decay rate 0.03.

Clearly, the vector Lyapunov method allows larger coupling and larger
decay rate than those via the method of Freirich and Fridman (2016),
Zhu and Fridman (2020b) when g, is small. Note also that if g, is
not small, e.g. f;, = 0.49 (that is slightly smaller than «; = 0.5), both
methods lead to the same f,; = 0.49 and thus, the same coupling.

We now consider system (1), (70) under the delay-dependent feed-
back (12), (71). By verifying (29) with § = 0.01, a; = 0.5, a, = 0.5,
Bin =0.1, pp; =2.35, 9, =5.5, 9, = 0.5, we find the solutions (see lines
2-4 of Table 1) that guarantee the exponential stability (thus, ISS) of
the system (1), (5), (70), (71).

We next consider system (1), (70) under the sampled-data controller
(71), (50), where M = 2. By solving LMIs of Theorem 2 with § = 0.01,
ap = 05, a = 05, ﬂ12 = 0.1, ﬂZ] = 235, 19] = 55, 192 = 05, we find
the solutions (see lines 2—4 of Table 2) that guarantee the exponential
stability (thus, ISS) of the system (1), (50) (70), (71).

Finally, choose the initial condition x;(0) = [#,0,0, 017 and the
disturbance ;(t) = [0.01sin(r), 0]". Simulation results presented in
Fig. 1 show that the stability of system (1), (70) under the delay-
dependent feedback (12), (71) with A, = 0.16, h, = 0.062 and under the
sampled-data delayed controller (50), (71) with i, = 0.067, h, = 0.045
are guaranteed, where r; = r, = 0.01.

Example 3 (M = 3). Consider (1) with A, A,;, B; and F;; given by
(70) and

Fylo=91F, Fipo=Fyo=9F, Fpy=9%F, Fy=F;3 =0,

where F is from (70). Choose the controller gains as (71) and
[Kyz Kj31=[203175

1724.6 12666 2446,4].

By solving LMIs of Theorems 1 and 2 with 6 = 0.01, a; = 0.5, a, = 0.5,
@y =1, B, = 0.1, fy; = 2.35, f3, = 0.01, fp3 = 02, 9, = 5.5, 9, = 0.5,

Table 1
Solutions under continuous delayed control.
1 r 3 hy hy hy
M=2 0 0 - 0.178 0.127 -
0.005 0.015 - 0.169 0.098 -
0.01 0.01 - 0.16 0.062 -
M=3 0 0 0 0.168 0.101 0.032
0.01 0.01 0.01 0.153 0.021 0.024
0.02 0.03 0.01 0.130 0.012 0.010
Table 2
Solutions under sampled-data delayed control.
r ra 3 hy hy hy
M=2 0 0 - 0.076 0.024 -
0.05 0.015 - 0.071 0.041 -
0.01 0.01 - 0.067 0.045 -
M=3 0 0 0 0.075 0.025 0.012
0.005 0.005 0.005 0.062 0.010 0.008
0.01 0.015 0.01 0.055 0.004 0.002

95 = 1.2, we find the efficient solutions (see lines 5-7 of Table 1 and
of Table 2, respectively) that guarantee the exponential stability (thus,
ISS) of the system.

5. Conclusions

We have given a constructive solution to decentralized derivative-
dependent control of large-scale nth-order systems with input delays
and unknown disturbances via delayed feedback implementation. This
was done by extending the recent results in the centralized case and
by adding appropriate terms to the corresponding Lyapunov functional
for the compensation of the additional terms due to input delays. Note
that the couplings under consideration are constant. Future research
may focus on the time-varying couplings in large-scale systems.
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