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Bounded Extremum Seeking for Static Quadratic
Maps using Nonlinear Transformation
and Lyapunov Method
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Abstract—We present a new practical stability analysis for
a bounded gradient based extremum seeking problem for two
variable static quadratic maps that contain a time-varying addi-
tive measurement uncertainty. Instead of using earlier averaging-
based approaches, we introduce a new state transformation, a
time-varying quadratic Lyapunov function, and a comparison
principle to obtain essentially less conservative bounds on the
dither frequency and on the ultimate bound of the estimation
error compared with earlier results. Our numerical example
illustrates the efficiency of the method.

Index Terms—Extremum seeking, uncertainty, time-varying

I. INTRODUCTION

Extremum seeking is a central current research topic in
control theory, because of its ability to provide model free,
online, real time optimization methods to find extrema when
objective functions that need to be maximized or minimized
contain significant uncertainties [1]. While basic extremum
seeking was used by Leblanc in 1922 [2], the first mathemati-
cal stability analysis for extremum seeking appears to be in av-
eraging and singular perturbation approaches of M. Krstic and
his collaborators, e.g., in [3]; see [4] for a history of extremum
seeking. This motivated widespread use of extremum seeking,
including in aerospace models and source seeking [5], [6].
More recent theoretical studies of extremum seeking include
[5], [7]-[19]. For instance, [5], [14], [15] included bounded
extremum seeking where unknown maps arise in arguments
of a sine or cosine, providing bounds for update rates.

When using extremum seeking, one often encounters mea-
surement uncertainties [1]. In the previous works on extremum
seeking, one finds an input-to-state stability (or ISS) analysis.
For instance, additive measurement uncertainty as we consider
in this paper was considered in [19], [20]. A related prob-
lem arises when an extremum seeking algorithm is used to
control a given system, but where the given system contains
uncertainties, such as additive uncertainties on the coefficient
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matrices in linear systems. Such approaches have been pursued
using averaging [20]-[22] or Lyapunov function methods,
by placing positive lower bounds on the dither periods in
extremum seeking algorithms. See also the works [1], [23]-
[26] on extremum seeking under delays.

Here, we pursue a different objective under additive mea-
surement uncertainty on the unknown objective function. We
incorporate the effects of the uncertainty in overshoot terms
in the upper bound on the norm of the estimation error. We
introduce a state transformation, which allows us to use a
new time-varying quadratic Lyapunov function. This function
is reminiscent of Lyapunov functions that are generated by
‘strictification’ [27] (which transforms quadratic functions into
strict Lyapunov functions, and so provides a constructive
variant of the Matrosov approach [28]). We also apply a
comparison lemma to a differential inequality having a square
root of the state on its right side. We illustrate how our new
methods can achieve much larger bounds on the parameter e
in the first dither period wy = 27 /e (and so a usefully smaller
w1) while reducing the ultimate bounds on the estimation error,
compared with averaging-based works such as [20].

Instead of averaging, a key ingredient that makes our
analysis work is our new state transformation and Lyapunov
function that enable us to cancel undesirable overshoot terms,
to obtain an ultimate bound that is O(4/€) in the special case
where no measurement uncertainty is present. This note there-
fore provides a higher dimensional analog of the conference
version [1] of this paper, which was confined to bounded single
variable extremum seeking, meaning, the unknown objective
function to be maximized or minimized was a function of one
variable, instead of two variables as in this note. Moreover,
whereas [1] placed the measurement uncertainty inside the
unknown objective function as additive uncertainty on the in-
put, here we cover important cases having measurable locally
essentially bounded added measurement uncertainties on the
objective function. This requires a new state transformation
and a new time-varying Lyapunov function construction that
were beyond the scope of all earlier works.

II. EXTREMUM SEEKING PROBLEM AND THEOREM
Following [1] but allowing the objective function to instead
be a function of two variables, we consider a two input real
valued function Q(6(t)) that has the quadratic form
Qo) = .
01(t) — 0F 0,(t) — 0F
#* 4 1 1 1 1 1
e+ (ot ) # (0

> oy P
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where H = [h;;] € R?*? is an unknown 2 x 2 matrix, the
real constants Q*, 6¥, and 6% are unknown, and the unknown
measurable locally essentially bounded function § represents
measurement uncertainty. A key assumption throughout this
note is that & = [01,65]" is valued in R2, which is needed
for the existence of a known ratio ¢ of the dither periods; see
(6). Although H, 65, 6%, and ¢ are unknown, we assume the
following, where | - | is the essential supremum norm, and
Mo is the set of all 2 x 2 real matrices whose eigenvalues
both have positive real parts and | - | will denote the usual
Euclidean norm, but analogs where H is negative definite can
be proven by replacing @* by —Q* in what follows:

Assumption 1. There is a known compact set H < Moy such
that H € H. Also, there are known real values 0; and 0; for
i = 1,2 such that 0F € [0,,0;] for i = 1,2. Also, there is a
known constant § > 0 such that 8| < 6. o

We then set
Q = [leQQ]Tv 9* = [ T,G;"]T, andg: [§1,52]T7

so § < 0* < 0 in the componentwise sense. By using the
compactness of the set H in Assumption 1, we can construct
positive constants p, P, and go such that there exist a positive
definite 2 x 2 matrix P that satisfies

—sPH - 1HTP < —¢P (2)

and pI < P and |P| < P, where inequalities A < B for
square real matrices of the same size mean that B — A is
nonnegative definite, I is the identity matrix, and | - | is the
matrix operator 2-norm; see Remark 1 for a way to find the
required constants p, p, and o, using uniqueness of solution
properties of Lyapunov equations and continuity properties of
eigenvalues from [29], which cover the cases that we study in
this note where the H’s (and therefore also the P’s satisfying
(2) for some constant gy > 0) are unknown. We fix p, p, and
qo satisfying the preceding requirements in what follows.

The objective of extremum seeking is to find a real-time esti-
mate 0(t) of the extremum point 6* (meaning, lim;_, o, 0(t) =
0*) based on the disturbed measurements of the map

y(t) = Q* + 5(0(t) —0*)TH(O(t) — 6%) +3(t).  (3)
In terms of the estimation error vector
- 0,
0t) = -
0= &
and following [14], we therefore consider the two state gradi-
ent based bounded extremum seeking dynamics

], where 0;(t) = 0;(t) — 0 for i = 1,2, (4)

0,(t) = \Jawi cos(wit + ky(t)) for i=1,2, (5

for constants @ > 0 and k > 0, where the known positive
constants w; for i = 1,2, £ > 1, and € > 0 are such that

Wy = fwl and w1 = 2% (6)
Throughout this work, all equalities and inequalities that
include § should be regarded to be holding for almost all
times ¢ > 0, in the Lebesgue measure sense. We will introduce
conditions involving ¢ and e that allow us to obtain a suitable

ultimate bound~ on é(t), i.e., a constant By > 0 such that
limsup,_, ,, |6(t)] < By. To express our conditions and
ultimate bound, it is convenient to introduce the following
constants, in addition to the constants «, k, qg, p, D, €, and ¢
that we introduced above. We use the constants

h=kasup [H|, k*=Fk(1+h(1+1) 55) . Q)
HeH

- 3/2 J—
M= (i+#5), V=1 (i+xfn). ®
V2(1 + VO Ry B (1 + 2Meh) X2
+2p (14 2Meh) /1 + 04/ 2 kFo,
BN eI+ 14 /1 + 7+ APMR (1 + Ve (9)
+2pkhé (1+ 2Meh) 1+ €4/1 + 3,
OPNT ~/2me(l + 1),

_ 3cvy c =

V| €T syl

A = % [kfgqt)_ (koéqo>2
30”1], and o = [0—0], (11)

1 | kag kag 2

— 0 0

A= |7t ( 3 ) NEZ

where the fact that A\; and ); are positive real numbers will
follow from the following assumptions on our constants, which

can be satisfied for any given values of the other constants that
we defined above when € > 0 and § > 0 are small enough:

%1 =

5

Vo =

271/3

(10)

Assumption 2. The four conditions

vy < fpkaqo, (12)
j2

€< T (13

3y _ (kaao)®
Vap 0 (1

and

Wiz arhE)<n o)
are satisfied. °

See Section V for examples showing how Assumption 2
allows larger €’s and smaller ultimate bounds on the estimation
errors, as compared with previous results. The constants v;
from (7)-(11) will play an essential role in defining coefficients
arising in a decay estimate for a quadratic Lyapunov function
in the proof of our theorem, because this decay estimate (in
conjunction with a comparison lemma argument) will be key to
proving our ultimate bound on the norm of the error variable.
Also, Ag, A, and ¢ from (10)-(11) are essential for defining the
rate of exponential convergence of the norm of the estimation
error 6 to the ultimate bound on the estimation error. Hence,
our main result goes beyond finding an ultimate bound, by
also computing rates of convergence of |0(t)| towards the
ultimate bound. To express the convergence rate and simplify
the analysis, we also use the positive constant

ds :)\l—max{/\&\/%(%—l— 1+H )} a6

where the positivity of d, follows from condition (15) from
our Assumption 2. Using the preceding constants, we prove:
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Theorem 1. Let Assumptions 1-2 hold. Then for each initial
state 0(0) € R? such that |0(0)| < oo, the corresponding
solution 6(t) of (5) is such that the condition

ol < SR (/1) 5 ) emeor

3X 1 an
+555 5t/ L+ 7) 55
is satisfied for all t = 0. =

Remark 1. Given any o9 > 0, Assumption 2 is satisfied for
small enough € and 5, so our results are semiglobal (because
oo only appears in (15), and because \; = O(1/+/€)). The
required positive constants p, D, and qo can be found by
first noting that for each H € M, the unique solution of a
Lyapunov equation provides a positive definite 2 x 2 matrix
P(H) such that —P(H)H — HP(H) = —1I, and such that
P(H) is a continuous function of H on its domain H (e.g.,
by [29, Chapter 5]). Then we choose p to be a positive
lower bound for all of the eigenvalues of the set of matrices
S ={P(H): H e ™M}, pto be an upper bound for the norms
of all matrices in this set S, and qo = 1/(2Amax) Where Amax
is the largest eigenvalue of all matrices in S. This produces
positive values p, D, and qy, by the continuity of norms and
eigenvalues of matrices as functions of the matrix entries and
the compactness assumption on H from Assumption 1.

For instance, using the Mathematica computer program,
P(H) can be expressed using the RiccatiSolve command,
and then p, p, and qo can be computed as the minimum
of the Mathematica function Min[Eigenvalues[P[H]]],
the maximum of Norm[P[H]|], and the minimum of
0.5/Max[Eigenvalues[P[H]]] respectively over all 2 x 2
matrices H in the compact set H < May. This does not
generate a P that satisfies (2) for all H € H, but it does
provide positive constants p, p, and qo that are independent
of the particular choice of the positive definite matrix P that
satisfies (2) where P depends on the unknown H € H. This
suffices, because our requirements on the extremum seeking
parameters and our ultimate bound use P, p, and qq instead
of a formula for P, so we do not need a formula for P that
satisfies (2) for our unknown H. o

Remark 2. Theorem 1 is new, even when 6 =0. See Section
V for discussions of how Theorem I can allow larger €’s and
smaller ultimate bounds in this special case, compared with
earlier results. Also, in this case, the ultimate bound

By = 335\/%+ (1+1)a
from (17) has order O(+/€), which is desirable for small
€’s, and our conditions from Assumption 2 have the convex
property that if they hold for a value ¢ > 0 and for a given
set of values for the other parameters, then they also hold for
all smaller positive € values as well. On the other hand, see

Section IV below, where we explain how the 6(t) in (1) can
represent the effects of time-varying unknown delays. o

(18)

Remark 3. Using (9)-(11), we can rewrite the decay rate
re = c(N — Xs) in (17) as

o \/<kaqo>2 8133 N2\ /me(£11)
. = _

9 32p2 ’

where N and vy are from (8)-(9). It follows that smaller values
of € or larger o or k, can provide faster convergence of
the estimation error. In Section V, we illustrate how changing
some of the parameter values can speed up the convergence.

III. PROOF OF THEOREM 1

The proof has four parts. First, we introduce a state transfor-
mation that makes the dynamics for # amenable to our time-
varying quadratic Lyapunov function analysis. In the second
part, we build our quadratic Lyapunov function W that satisfies
a differential inequality with a +/TV on its right side. In the
third part, we apply a comparison lemma argument to construct
a suitable time-varying upper bound for W. Then in the fourth
part, we use appropriate upper and lower bounds for W to
obtain the final bound (17) on the estimation error |4(t)|.

First Part: State Transformation. For the rest of the proof,
we fix a positive definite matrix P satisfying (2) as well as
our conditions |P| < p and P > pI for the fixed choices of
qo, p, and p from the previous section. Then (3)-(5) give

6i(t) = \/aw; cos (wit + kQ*+§éT(t)Hé(t)+k5(t)) (19)

fori=1,2.
To simplify our analysis, we use the change of variables

0. ~ . ~ _
O = [ 5; 1 , where 0, = ﬁl% and 05 = ﬁ@g. (20)
Since (20) gives
k0T () HO(t) = ky/aO(t) " Hy\/aO(t) = ka®T (t)HO(t),
we can use (19) to get
) — _1g
0;(t) = \/592 ~ )
— @i cos (wit + kQ* + E0T (£ HO(t) + ka(t)) 21)
= Jw;cos (w;t + Y (t) + ké(t))
for ¢ = 1,2, where
Y(t) = kQ* + E20(t)THO(t).
We next use the function

V(o) = l Ve cos(wit + Y (£) + ko (t)) 1

(22)

V/wz cos(wat + Y(t) + k8(t)) (23)

Then (21) can be rewritten as

(24)

W) = [ —L_sin(wit + Y (1))
Vw2

@(t) = V(t).
We also use the state transformation
e .
—_ sin(wat + Y (2))
and X (t) = ©(t) — W(¢).
Then (24) gives

(25)

L= cos(wrt + V(1) (wn + ff(t))

X(t) = V()-

cosent + 7 (1) (w2 + V(1) | 26)
wit + f/(t))

% cos(
a \/%72 cos(wat + }A/(t))

1
Vw2

Y{(t) + H(),
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where
H(t) =
N [cos(w1t+?(t) 4 ES(t)) — os(w1t+?(t>)]

@
N [Cos(wﬁ—i—f/(t) + kO(t)) — cos(wgt-i-f/(t))]

Now, observe that with the choices
Cis(t) = \/w; cos(wit + Y (t) + k(t))
and C;(t) = y/w; cos(w;t + Y (1))
for 1 = 1,2, we can use (22) and (24) to get

V(i) — kaV(O)THOW) — kalCis(t) Cas(t)]HO()

(28)
ka[Ci(t) C2(t)|HO(t) + kaH(t)T HO(t).

Consequently, (26) gives

cos(wit+Y (1))

X(t) = —ka l % cos(unt + 7(6) [Ci(t) Ca(t)|HO(t) 29)

+L(1),

where

H(t)"HO(t). (30)

L(t) = H(t)—kal Ve -

Vo
Then, with G defined by
g(t) =

—cos?(wit + Y (1) —y/=E=Ci(t)Ca(t) 31)

—E=Ci()Ca(t)  —cos?(wat + Y (1))

we can use (29) to obtain X (t) = kaG(t)H
so also

X(t)

O(t) + L(t) and

kaG(t)HX (t) + kaG(t)HW(t) + L(¢)
—keH X () + [G(t) + L] kaHX(t)
+kaG(t)HW(t) + L(¢)
since (25) gives O(t) = X (t) + W(¥).
Also, with the choice
M(t) =
1 1 sin(2wyt + 2}7(15))
w1 2f81( )

(32)

ESI(t)
2 Sin(2wat + 2Y'(t))

(33)

where

sin(wy (140)t+2Y (1))
1+€

sin(wi (1—0)t)
+ =

Si(t) =
and with the choice
N(t) =
Wll cos(2wit + 2)7(t)) (T30

e DAV O) i cos(auyt + 29(1)) |

\/Zcos (w1 (1+0)t+2Y (1))

(34)

we deduce M(t) = —(G(t)+1/2)+N(t)Y (t) (by the double
angle formula and sum rule for cosine) and so also
M(t) + N (t).

G(t)+5=~— (39)

By substituting (35) into (32), we obtain

X(1) = —*EX(1) + kol — M(t) + N(OY ()| HX (1)
+kaG(t)HW(t) + L(¢)
= kX (t) - kaM(t)HX (t) + L(t)
+kaN (Y ()HX (1) + kaG(t) HW(t).
From the first equality in (28), it follows that
X(t) = =R X (1) — kaM(t)HX (t) + L(t)
+(ka) 2N (t)V(t)THO(t)H X (t)
+kaG(t)HW(t).

Moreover, since for all constants ¢ > 0 and b > 0, the matrix

[3t]

satisfies |S| = a + b which follows because the symmetry of
S gives |S| = p(S) where p(S) is the spectral radius of S,
and because S[1 1]T = (a +b)[1 1]T (which allows us to
use the Perron-Frobenius theorem to get p(S) = a + b), and
since £ > 1 and (6) hold, we obtain the bounds

(36)

GO < 1+ v, [M(®)] < e, .
N < Ne, V()] < Y220 G7

for the function G from (31), the M in (33), the A in (34),

and the V in (23), where the constants M and N are from

(8), and where we again used the relation wy = fw; from (6).

The bounds (37) will play an essential role in our Lyapunov

analysis in the next part of the proof.

Second Part: New Lyapunov Function Approach. Let us

introduce the candidate Lyapunov function
W(t,X)=V(X)+2kaX PM(t)HX,
where V(X) = XTPX.

Then our choice of A in (7) and the bound on M(t) in (37)
give

(38)

W(t,X) < V(X)+2ka|X|*pM|H|e
< |1+ 2] v(x)
and
W(t, X) > V(X) — 2|X|*pMhe > (1—25])@6)‘/()()
for all X € R? and all ¢ > 0, where we used the inequality
V(X) = p|X|?. Our assumption (13) then implies that
W(t,X) < 2V(X) and V(X) < IW(t,X) (39
are satisfied for all X and all ¢ > 0, since 2peMh/p < 1/9.
This motivates our referring to W as a candidate Lyapunov
function.
Also, by multiplying (2) through by ka, it follows that along
the dynamics (36), we have
V(t) < —kaQOV(X(t))—i—QX(t)TP[—kaM(t)HX(t)
+N@OV()THO(t)(ka)?HX (t)
+haG(t)HW(t)+L(1)]
= —kagV(X(t)) — 2kaX () TPM)HX(t)
+2X(t) TP [(ka)2N(t)V(t) THO(t) HX (t)
+kaG(t)HW(t) + L(¢t)].

(40)
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Then, along the solutions of (36), we can use our formula
X(t) = kaG(t)HO(t) + L(t) to obtain
W(t) < —kagV(X(t))

+{2(ka)?X (t) " PN (t)V(t) "THO(t)HX (t)}
+2kaX (t)TPG(t)HW(t) + 2X (t) T PL(¢)
+2(ka)?X ()T PM(t)HG(t)HO(t)
+2(ka)?[Gt)HO(t)] T PM(t)HX (t)
+2kalL(t)TPM(t)HX (t))
+2kaX (t) T PM(t)HL(t).

(41)

where we used the time derivative of the second term
2kaXTPM(t)HX in the formula for W in (38) to cancel
the term containing M(t) in (40) and then collected terms.

By using our bound ka|H| < h from (7) to upper bound
the term in curly braces in (41) and then the bounds from (37),
we obtain

W(t) < —kaqoV (X(1))
{sz Vg >|X<t>|2}

(42)

+2p(1 + VIR ey /S X (1)
{@M#( +V0)|0)]|X ()]
+2p (1 + 2Meh) [L(1)|| X ()|}

Also, using our assumption from (6) that wy = fwq, we get

O)] < X))+ W) < [XO)| +1/(1+ ) 55, 43)
by (25). Moreover, the function IL in (30) satisfies
L) < [HE)] + /5 + o [HEO[RO)]
(44)

= | (1+/0+ 1) £he).

If we now let ¢ denote the second right side term in (43) (i.e.,
the radical), then it follows from using (43) to upper bound
the |©(t)| in (44) and then using our formula (27) for H that

L@l < [HE[1+Eh (X @)+ 6)]
< Vwi +wokd [1+ R (|X(t)] + 64 ]
< VITO/ER[L+ O (X ()] + #)]3,

since cos has global Lipschitz constant 1. Using (43) and (45)
to upper bound the terms in curly braces in (42), we obtain

W(t) < —kagV (X (1))
+V2P(1 + VORYE /S X (1)]
FPNey/2n(0+ DR (1X(0)] + ) X0
HAPNIER’ (1 +VO) (|X(1)] + £) | X ()]
+2p (1 + 2Meh) \/m\/%k [1+
CR(X(0)]+ )] 51X ()]

(45)

Collecting powers of | X (¢)| from the right side of (46) gives

—kagoV (X (1)) + w1 X(?)]
Vol X ()| + vs| X (1)

W(t) < “n

where the positive constants vy, 15, and v3 are from (9).

Since condition (12) from Assumption 2 and (39) give

n|X| <viy /Wit X),

v V(X) _ kagoV(X)
p 4

] X2 < , and

3/2
vl X[ <y (SW( X)),
we can upper bound the last three right side terms in (47),
then combine terms in the result, and then use the lower bound
V(X) = 8W(t,X)/9 from (39) to upper bound the resulting
combined term —3kaqoV (X (t))/4. This produces the result

W(t) < —ZE2RW (¢, X(t)) + v1, /%W(t, X(t))

Vs (S%W(t,X(t)))g/z

Third Part: Comparison Argument. Inspired by the use of
comparison principles in trajectory based approaches (e.g.,
[30, Lemma 1]), we introduce the comparison system

(48)

3
€)= —Z5mg(t) + v [EW + v (60)° @9)
and consider its positive valued solutions. Then the function
Alt) = VE(t) (50)
satisfies
At) = =5520(0) + 32 + 22 X0, 5

By factoring the right hand side of (51) as a polynomial in
A(t) and recalling our condition (14) from Assumption 2, we
can use our formulas for ¢, s, and \; from (10)-(11) to obtain

At) = e(A(t) = A)(A() = M),

On the other hand, our assumption in Theorem 1 that |0(0)| <
oo and our change of variables (20) give |©(0)| < a¢/+/a.
Hence, (6) and our choice of X in (25) give

/(14 2) 55

so our upper bound on W in (39) gives

W(0,X(0) < 35 (2 +4/(1+ 4 )7)2 <A

where (53) followed from (15).
We can now use (53) to apply the comparison principle to
(48) and (49), by choosing the positive initial state

€(0) = max {A2, W (0, X(0))}

for (49), as follows. By condition (54), we have £(0) >
W(0,X(0)). Then the comparison principle gives

W (t, X (1) <&(t) = A*(2).

We next use (55) to obtain the final bound (17).

Fourth Part: Using Bounds on W to Prove (17). Since we
can apply (53)-(54) and the relation (50) between £ and A
to check that A(0) € [As, A;), we can apply a separation of
variables argument to (52) to obtain

(52)

XO) < G +y/or+5 =

(53)

(54)

(55)

A(t) = As (A =A(0) FAL(A(0) =X, )ecPrs A

AL—A(O)-F()\(O)—)\S)CC(AS_)\l)t (56)
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Using (20), the formulas for X and V' in (25) and (38), the
second inequality in (39), the upper bound on W (¢, X (¢)) from
(55), the relation wy = fw;, and (56), we obtain

6] < valet) < Va (1X@)]+4/(1+ 1) £)

< L /SVIX®) + Vo (1 +7) 55
<«/9£W(t X(0) + vy /(1 +7) 55 7

N

AT BN /Qpihog(k; c(As =)t
+\/7 ( ) 27r’

where ¢, A, and \; are in (10)-(11). Also, we can use (20),
(25), the first inequalities in (39) and (53), and (54) to get

i(o)*{‘; < di W(O X < 2dy \/7|X
S (o s e
< B0+ 5 \[m

where d, is defined by (16), and where the first inequality in
(58) follows by separately considering the two cases A\(0) =

W(0,X(0)) and A(0) = As. Hence, we can combine (57)-
(58) to choose the coefficient of e~"#% with the convergence
rate 4 = ¢(A\; — \s) to obtain the final bound (17).

IV. USING 6(t) TO INCORPORATE MEASUREMENT DELAYS

We can use the § in (1) to represent the effects of uncertain
measurement delays. To see how, note that if the available
measurement is

y(t) = Q*

where the piecewise continuous nonnegative valued bounded
function 7 represents an input delay, and if we set B, =
¢« + By where ¢y > 0 is the coefficient of e+t in (17) with
the exponential convergence rate 1, = ¢(\;—\;) and By > 0
is from (18), then we can use (5) to express the time-delayed
measurement in the form (3) for a § satisfying

6)] = 3B—7(0)T HO(t—r(t)) — 0T (1)HO
(B —7(6)H(@(t — (t) — O(¢ o
L1(6( — () = 6(0)) T HO(1)|

By |H|v/a(wr + w2)|7|eo

for all ¢ € [0,T), where T > 0 is the supremum of all ¢ > 0
such that |A(s)| < By for all s € [0,¢), where we assume
that the initial function for 8 is constant on [—|7|., 0]. By the
definition of the supremum and the continuity of 0, it follows
that if 7' < +oo, then |#(T)| = By. On the other hand, we
can apply the same argument as in the proof of Theorem 1
except only on the time interval [0, T) with the choice

6 = By|H|\/a(wi + w2)|7|oo

to obtain (17) for all ¢t € [0,T), provided Assumptions 1-2
are satisfied with this choice of §, which holds for sufficiently
small ||, and € > 0. Then T > 0, because the bound o on
the norm of the initial state satisfies 0y < By. Hence, if T <
+00, then (17) would give |§(T)| < By, since the exponential

+ 307 (t— T(t)HO(t — 7(t))

N

1
2
1
2
+

N

convergence rate in (17) is positive. This contradiction implies
that T = +o0, so the conclusion of Theorem 1 remains true
under the preceding assumptions when the delay 7 is present.

The preceding analysis places a bound on the allowable
suprema |7|y of the delays. We next show why one cannot
prove an attractivity result for a neighborhood of the origin
without a restriction on |7|4 by instead choosing € or « suffi-
ciently small. This will demonstrate that the cases of unknown
time-varying and known constant delays are very different;
see, e.g., [31], which ensured attractivity of a neighborhood
of the origin for arbitrarily large constant delays of the form
7 = Le for any integer L > 1. This sheds light on the need
for a smallness condition on |7|, that we specified above.

To show the impact of time-varying delays, consider a delay
7(t) = t — nFloor (t/n), of sawtooth type, where Floor(z) is
the largest integer in [0, 2] for each z > 0, and where the
constant 1 > 0 is such that

e=1 (59)
for any integer r > 2. We use the sequence
tj=Jn (60)

indexed by integers 57 > 0 and the corresponding first compo-
nent of the extremum seeking error dynamics

6. (t) = Jawr cos (wlt +RQ* + géT(tj)Hé(tj))
for all t € [t;,t;41) and j > 0. Then, for each j > 0, we get
01(tjy1) — 01(t)) ,/oaulgj+ cos (wim + Q*(j)) dm

cos (wym) dm

9y
ti+1+ wl
Ve S + 2
=, /071 [sm (wln +wit; + Qﬁ(j))
—sin (wltj + Qﬁ(j))] ,
where Q*(j) = kQ* + 0T (¢;)HO(t;) and where the last

equality in (61) used (60) to get t;.1 = t; + 7. By (59), we
get

(61)

2
win = =1 =27,

so (61) implies that él(tjﬂ) — él(tj) = 0, which gives
01(t;) = 6,1(0) for each integer j > 0. Since r in (59) is
arbitrarily large, we conclude that for any value n > 0, there
are arbitrarily small values of € for which the system cannot
admit an attractive neighborhood of the origin.

V. ILLUSTRATIONS

In many significant cases, we found that Theorem 1 from
Section II above led to much larger bounds on the allowable
values of ¢, and to decreases in the ultimate bounds on 6(¢),
as compared with the previous state of the art results that
were based on a time delay approach to averaging, including
cases covered by [21] where the measurement uncertainty
0 was zero. Therefore, we can obtain closer approximations
of the unknown parameter vector. Due to the importance of
approximating parameter vectors, this confirms the usefulness
of the work, from a practical point of view.
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To illustrate this, we first consider an autonomous vehicle
in an environment without GPS orientation from [14] and [21,
Section 4.2]. The goal is to reach the location of the stationary
minimum of ¢ with the diagonal matrix H = diag{2,2} and
Q* = 0, which will be achieved by using bounded extremum
seeking. Following [21, Section 4.2], we use k = 11, a =
0.0001, ¢ = 2, and § = 0, which allowed us to satisfy the
assumptions of Theorem 1 above for small enough € values.
Following [21], we separately considered the cases

oo = 0.001 (62)

and

00:\/5.

We summarize our comparison in Table 1 below, where the
upper bounds on e are denoted by ¢* and the ultimate upper
bounds UB are for |6(t)|, using the formulas from Theorem 1
above and the methods from [21], where ES (resp., BES) indi-
cate the classical (resp., bounded) extremum seeking method
from [21]. Since our method produced much bigger values of
e* and smaller extremum seeking estimation errors, and since
our ultimate bound has the additional desirable property of
being O(y/€) when & = 0 (which is consistent with [20]), our
method from Theorem 1 above can offer significant advan-
tages, as compared with earlier extremum seeking methods.
In Fig. 1, we show Mathematica simulations of the estimation

(63)

Extremum Seeking Method e* UB
BES from [21] with (62) 0.0004 1.41
ES from [21] with (62) 3.33 1.26
Theorem 1 above with (62) 8.84 0.170205
BES from [21] with (63) 0.0001 2.05
ES from [21] with (63) 0.36 0.94
Theorem 1 above with (63) 1.48 0.0563498

TABLE I
COMPARISON OF € BOUNDS AND ULTIMATE BOUNDS WITH § = 0

error dynamics (5) using the above values, for the case (63)
from Table 1. We choose the initial state 6(0) = [1,—1]T,
with ¢ = 1.48 and therefore also w; = 2?” = 4.245 and
Wo = 2&]1 = 8.4908.

We obtained faster convergence by increasing «. For in-
stance, in Fig. 2, we show Mathematica simulations for the
error dynamics (5) obtained using the same parameter values
that we used to generate the simulation in Fig. 1, except
we increased k£ from £ = 11 to & = 11.1, we increased
«a from o = 0.0001 to o = 0.00022, and we reduced the
€ value from € = 1.48 to ¢ = 0.65. Compared with Fig.
1, the simulation in Fig. 2 achieved close approximation of
the unknown minimum approximately 2 times faster than
Fig. 1, illustrating the influence of the parameter values on
the convergence rate. Moreover, our Assumptions 1-2 were
satisfied in both cases, which illustrates the applicability of
Theorem 1 above for different parameter values. With the
choices of the parameters that we used in Fig. 2, our Theorem
1 provided the ultimate bound By = 0.0553486.

Another notable feature of our approach is that we allow ¢
to be irrational. We illustrate this in Fig. 3, where we used the
same parameter values that we used in our simulation from
Fig. 1, except we replaced ¢ = 2 by £ = +/2. With these
choices, the assumptions of Theorem 1 were again satisfied.

As is seen in Fig. 3, replacing ¢ by an irrational number

produced slightly faster convergence of the estimation error

to zero. Moreover, for the set of parameter values that we used

in Fig. 3, the ultimate bound decreased to By = 0.0548245.
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Fig. 1. Solutions of (5) with initial state 5(0) = [1, —1]7 for (63) showing
01(t) (dashed red) and 62(t) (solid blue) with k = 11, ¢ = 2, and € = 1.48
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Fig. 2. Solutions of (5) with initial state 5(0) = [1, —1]T for (63) showing
01(t) (dashed red) and 62 (¢) (solid blue) with k = 11.1, £ = 2, and € = 0.65
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Fig. 3. Solutions of (5) with initial state 5(0) = [1, —1]T for (63) showing
01(t) (dashed red) and 62 (t) (solid blue) with k = 11, £ = V2, and € = 1.48

With the same parameter values as we used in Table 1 except
with § = 0 and € = 0.0004, Theorem 1 above again applied,
and it gave the ultimate bound 0.0009 using (62) and with
(63). The convergence we showed above behaves favorably,
as compared to what we obtained when we instead used the
classical extremum seeking dynamics

A _ % .
9;(75) - sin(wit) J (1) (64)
O2(t) = 22sin(2wit)J(t)

from [21] and [25, Section ILC] where J(t) = (01(t) +

a1 sin(wi£))? + (02(t) + agsin(2wt))? with the maximum
value € = 0.36 from Table I and with the parameter values
(63), k1 = ko = —0.01, a1 = a2 = 0.2, and ¢ = 2 that
were used for (64) in [25]. In classical extremum seeking,
one starts with 0, = 6; + a; sin(w;t) for i = 1,2, since
the objective of extremum seeking is to find 0(¢). We show
results from Mathematica simulations of the solutions from
(64) in Fig. 4 using the preceding parameter values, where we
plot 6;(t) = 6;(t) + a; sin(w;t) for i = 1,2 to allow a fair
comparison with the plots of the 6,’s in the previous figures,
because 6% = 0 in this case (so 6 = 6).

Finally, when we instead used the bound § = 0.01 on |,
and using € = 40, o = 0.0004, H = diag{2,2}, k = 0.02,
¢ =+/2, and o¢ = v/2, Theorem 1 above provided the ultimate
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Fig. 4. Solutions using (64) with 61 (t) (dashed red), f2(t) (solid blue),
k1 = ke = —0.01, a1 = a2 = 0.2, w1 = 27/¢, wa = 47/¢, and € = 0.36

bound of 1.08658 on |6(t)|. In this final case, we reduced & in
order to satisfy our Assumption 2, since the assumption was
not satisfied with our previous choice of £ = 11. Hence, we
cover measurement uncertainties, and our Theorem 1 remains
effective using the smaller €’s from [21] as well. In practice,
the selection of the parameters H and % in the extremum
seeking should be based on the specific application; see, e.g.,
[21] for a discussion of parameter choices in the special case of
vehicle control. For the Mathematica code used in this section,
see https://github.com/MichaelMalisoff/TAC2DES.git.

VI. CONCLUSION

We advanced the state of the art for stability analy-
sis of bounded gradient based extremum seeking for static
quadratic maps, by using a new state transformation and a
new time-varying Lyapunov function approach that allow us
to achieve significantly smaller dither periods and smaller
ultimate bounds on the estimation errors, compared with
previous extremum seeking results that instead used averag-
ing. Our approach allows measurement uncertainties that are
conducive to modeling the effects of unknown time-varying
measurement delays. We aim to provide analogs for Newton-
based extremum seeking with measurement uncertainty, and
to study applications to source seeking in aerial applications.
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